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RESONANCE-FREE REGIONS FOR NEGATIVELY CURVED 
MANIFOLDS WITH CUSPS 

YANNICK BONTHONNEAU 


Abstract. The Laplace-Beltrami operator on cusp manifolds has continuous spectrum. 
The resonances are complex numbers that replace the discrete spectrum of the compact 
case. They are the poles of a meromorphic function s e C, the scattering determinant. 
We construct a semi-classical parametrix for this function in a half plane of C when the 
curvature of the manifold is negative. We deduce that for manifolds with one cusp, there 
is a zone without resonances at high frequency. This is true more generally for manifolds 
with several cusps and generic metrics. 

We also study some exceptional examples with almost explicit sequences of resonances 
away from the spectrum. 


The object of our study are complete d-l-1-dimensional negatively curved manifolds of finite 
volume (M, g) with a finite number k of real hyperbolic cusp ends. The Laplace operator is 
denoted A in the analyst’s convention that —A ^ 0. The resolvent R{s) = (—A — s(d — 
is a priori defined on for JRs > d/2. Thanks to the analytic structure at infinity, 

one shows that R can be analytically continued to C as a meromorphic family of operators 
U® ^ (7°° whose set of poles is called the resonant set Res(M). The original proof is 
due to Selberg in constant —1 curvature, to Lax and Phillips |LP76| for surfaces, and this 
subject was studied by both Yves Cohn de Verdiere [CdVHll ICdV83) and Werner Muller 
|Mul83[ IMul86[ IMiil92| . It fits in the general theory of spectral analysis on geometrically 
finite manifolds with constant curvature ends, see |MM87t IGZ97] . 

The spectrum of —A divides into both discrete spectrum, that may be finite, infinite 
or reduced to {0}, and continuous spectrum [(i^/4, -l-oo). We can find a precise description of 
the structure of its spectral decomposition given by the Spectral Theorem in |Miil83] . For 
each cusp Z,, i = 1... k, there is a meromorphic family of Eisenstein funetions {Ej(s)}sgc 
on M such that 

(1) - AEi{s) = s{d- s)Ei{s). 

The poles of the family are contained in < d/2} u {d/2, d], and are called resonances. We 
also consider the vector E = {Ei ,..., E^)- Let {ui}^ be the discrete eigenvalues. Then, 
any / e C^{M) expands as: 

/ = Yl'Ut, f}ui + ^ 2j J iMiil83i eq. 7.36], 


Key words and phrases. Finite volume manifolds with cusps, scattering determinant, resonances, semi- 
classical parametrix. 
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where (•, •) is the duality product. An important feature of the Eisenstein functions is 
the following: in cusp Zj, the zeroth Fourier mode in 9 of Ei writes as 

( 2 ) 

where is a meromorphic function. If we take the determinant of the scattering matrix 

4> = we obtain the scattering determinant g:}{s). It is known that the set TZ of poles of 

If is the same as that of {E{s)}s — again, see |Mul83[ theorem 7.24]. It also coincides with 
the poles of the analytic continuation of the kernel of the resolvent of the Laplacian, |Mul83] . 

Thanks to the symmetries of the problem, ip{s)ip{d — s) = 1, so that studying the poles of 
f in {iRs < d/2] is equivalent to studying the zeroes in {JRs > d/2]. In this article, we will 
be giving information on the zeroes of ip, keeping in mind that the really important objects 
are the poles. 

The first examples of cusp manifolds to be studied had constant curvature, and were 
arithmetic quotients of the hyperbolic plane. Let ro(A^) be the congruence subgroup of 
order N, that is, the kernel of the morphism vr ; SL 2 {'L) —> S'L 2 (^ 7 v)- Then, BI/ro(iV) is a 
cusp surface. For such examples, and more generally, for constant curvature cusp surfaces 
H/T, if cusp Zi is associated with the point oo in the half plane model, then the associated 
Eisenstein functions can be written as a series 


( 3 ) 


Ei{s){z) = 2 

HerAr 


where Tj is the maximal parabolic subgroup of T associated with Zi. Recall a Dirichlet series 
is a function of the form 

n») - E S' where (A^) is a strictly increasing sequence of real numbers. 
k^o 


Selberg proved — see [Sel89| — that there is a non-zero Dirichlet series L converging abso¬ 
lutely for {lis > d} so that 


( 4 ) 


a(s) 


\ r(s) 


k/2 


L{s) 


This implies: 


Theorem (Selberg). For constant curvature cusp surfaces, the resonances are contained in 
a vertical strip of the form {1/2 — h ^ ^ 1/2}, where d > 0 (with maybe the exception of 

a finite number of resonances in (1/2,1]/. 


Muller was actually the one who asked if Selberg’s theorem still holds in variable curva¬ 
ture. Froese and Zworski |FZ93] gave a counter-example, that had positive curvature. The 
following theorem gives a partial answer in negative curvature. 

Theorem 1. For M a cusp manifold, let Q{M) he the set of metrics g on M such that 
{M,g) is a cusp manifold with negative sectional curvature. If U cc M is open, let Qjj^M) 
he the set of metrics in Q{M) that have constant curvature outside of U. Endow Q{M) and 
Qu{M) with the topology on metrics. Then 
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Figure 1. The zeroes of yji 4 cases in theorem 


(I) There are hyperbolic cusp surfaces M and non-empty open sets U M such that 
for all g e Qu{M), Res(M, <ji) is still contained in a vertical strip. 

(II) Given any cusp manifold M, for an open and dense set of g e Q[M), or all of Q[M) 
when there is only one cusp, there is a 6 > d/2 such that for any constant C > 0, 

{seRes{M,g), ifis < d — 6, JRs > —Clog ISjsl} is finite. 


(Ill) There is a 2-cusped surface {M,g) with the following properties. The resonant set 
Res{M,g) is the union of Kesgtrip, Fes/ar and an exceptional set ReSe^c; so that 


RessiHp = {s e Res(M, 5 ), JRs > d — <5} 

FeSea^c Si = Si G 

Kesfar Gi {3^5 > —Clog l^s]} is finite for any C > 0. 


(IV) 


where d > 0, and the Si’s and Si’s are the zeroes of se~^'^ — Cq for 
T > 0 and Cq ¥= 0. 

For a bigger open and dense set of metrics g e Q[M), containing 
(III), there are constants 5 > 0, and Cq > 0 such that 


some constants 
the example in 


{seRes{M,g), iR.s<d — 6, > —Cq log l^sl} is finite. 


Conjecture 1. The set of metrics in (IV) is actually Q{M). 


Conjecture 2. For an open and dense set of g e Q{M), there is an infinite number of 
resonances outside of any strip d/2 > iRs > d — 6. 


Our reason for conjecturing this is that the existence of such resonances seems to be more 
stable than their absence. 
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The main tool to prove theorem is a parametrix for the scattering determinant y? in a 
half plane {3?s > <5^}. Thanks to the form of that parametrix — sums of Dirichlet series — 
we will be able to determine zones where ip does not vanish. 

Theorem 2. Let (M, g) be a negatively curved cusp manifold. There is a constant 5g > d/2 
and Dirichlet series Lq, ..., ... with abscissa of absolute convergence 5g such that if at 

least one of the ’s does not identically vanish, for ?R.s > 6g, as ^s —> Too, 

(Recall, K is the number of cusps). Actually, the constant 5g is the pressure of the potential 
(F®“ + (i)/2, where is the unstable jacobian. In constant curvature, = —d and 6g = d. 

This is a consequence of a more precise estimate — see Theorem The T„’s are defined 
by dynamical quantities related to scattered geodesics. Those are geodesics that come from 
one cusp and escape also in a cusp — maybe the same — spending only a finite time in the 
compact part of M, called the Sojourn Time. This terminology was introduced by Victor 
Guillemin |Gui77) . In that article, for the case of constant curvature, he gave a version 
similar to ours of Q. He also conjectured that something along the lines of our theorem 
should hold — see the concluding remarks pp. 79 in |Gui77j . Lizhen Ji and Maciej Zworski 
gave a related result in the case of locally symmetric spaces [jM]. 

Sojourn Times are objects in the general theory of classical scattering — see fpsn^ . 
Maybe ideas from different scattering situations may help to prove Gonjecture[^ that may 
be reformulated as 

Conjecture 1’. Given ge Q[M), at least one Li is not identically zero. 

The structure of the article is the following. In section we recall some definitions and 
results on cusp manifolds, and prove the convergence of a modified Poincare series. Section 
is devoted to building a parametrix for the Eisenstein functions, via a WKB argument, using 
the modified Poincare series. In section we turn to a parametrix for the scattering deter¬ 
minant. To use Stationary Phase, most of the effort goes into proving the non-degeneracy of 
a phase function. The purpose of section is to study the behaviour of the series Lj when 
we vary the metric. Finally, we prove theorem in section In appendix [Xj for lack of a 
reference, we give a proof of a regularity result on horocycles. This result may be of interest 
for the study of negatively curved geometrically finite manifolds in general. 

This work is part of the author’s PhD thesis. In a forecoming article |Bonl5j . we will 
deduce precise spectral counting results from Theorem 

Acknowledgment We thank Golin Guillarmou and Stephane Nonnenmacher for suggest¬ 
ing the idea that led to this article. We also thank Colin Guillarmou, Nalini Anantharaman 
and Maciev Zworski for their very helpful suggestions. 

0. Preliminaries 

We start by recalling well-known facts in scattering theory on manifolds with cusps, and 
we refer to the articles of Miiller |Miil83[ IMul86[ IMul92| for details and proofs. Let (M, g) 
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be a complete Riemannian manifold that can be decomposed as follows: 

M = Mq u Zi u • • • u Zf^, 

where Mq is a compact manifold with smooth boundary and negative curvature, and Zj are 
hyperbolic cusps 

(5) {ai,+cc) xjf ~ Zi 3 X = {y,9), 9 = {6i, ... ,6d), i = 

where Oj > 0, and = T^. = are d-dimensional flat tori, and the metric on Zi in 

coordinates {y, 9) 6 (oj, -l-oo) x is 

^2 dy 2 + dd 2 

yZ 

Notice that the manifold has finite volume when equipped with this metric. The choice of 
the coordinate y on a cusp is unique up to a scaling factor, and we choose it so that all Tf’s 
have volume 1. Such a manifold will be referred to as a cusp-manifold. Mind that we require 
that they have negative curvature. 

The non-negative Laplacian —A acting on C^{M) functions has a unique self-adjoint 
extension to Lf^M) and its spectrum consists of 

[1] Absolutely continuous spectrum Gac = [d^/4, -l-oo) with multiplicity k (the number of 
cusps). 

[2] Discrete spectrum = {Aq = 0 <Ai^---^A£^...}, possibly finite, and which may 
contain eigenvalues embedded in the continuous spectrum. 

Conditions Q and Q imply the uniqueness of the Eisenstein functions. One can deduce 
that 

E{d-s) = (j){s)-^E{s) 

Hence, 

4>{s)4>{d — s) = Id, (p{s) = 4>{s), 4>{s)^ = 4>{s), and (p{s)(p{d — s) = 1. 

The line SRs = d/2 corresponds to the continuous spectrum. On that line, (p{s) is unitary, 
(p{s) has modulus 1 . 

The set IZ of poles of ip, (p and {Ej)j^i j: are all the same, we call them resonances. It 
is contained in < d/ 2 } u (d/ 2 , 1 ]. The union of this set with the set of s 6 C such that 
s{d — s) is an eigenvalue, is called the resonant set, and denoted Kes{M,g). Following 
|Mul921 pp.287], the multiplicities m{s) are defined as : 

[1] If JRs ^ d/2, s ¥= d/2, m{s) is the dimension of keici 2 {Ag — s{d — s)). 

[2] If lis < d/2, m{s) is the dimension of ker£, 2 (Ag — s(d — s)) minus the order of p at s. 

[3] m{df2) equals (Tr((/(d/2)) -(- m)/2 plus twice the dimension of ker£, 2 (Ag — d^/4). 

We let 

Z = {d — s|sisa resonance }, this is the set of zeroes of p. 
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1. Scattered geodesics and some potential theory on cusp manifolds 

Recall that a manifold N is said to have bounded geometry when its injectivity radius 
is strictly positive, and when is bounded for all k = 0,1,, R being the Riemann 
curvature tensor of N. Since the injectivity radius goes to zero in a cusp, a cusp manifold 
cannot have bounded geometry. However, its universal cover M does. Since the curvature of 
M is negative, M is also a Hadamard space — diffeomorphic to — and we can define 
its visual boundary dooM, and visual compactification M = M vj dooM. 

In all the article, unless stated otherwise, we will refer to the projection T*M —> M as tt; 
when we say geodesie, we always mean unit speed geodesic. 

The results given without proof are from the book |PPS12j . 


1.1. Hadamard spaces with bounded geometry and negative cnrvature. Let us 

define the Busemann cocycle in the following way. For p e dooM, Let 


/3p{x, x') := lim d(x, w) — d{x', w). 

^ w^p 


For each p e dooM, we pick nip e M — we will specify this choice later, see remark Then, 
we define the horosphere H{p,r) (resp. the horoball B{p,r)) of radius r e M based at p as 
( 6 ) _ _ 

H{p,r):=lxeM Pp{x, nip) =—log r> and B{p,r) := lx e M f3p{x,mp) ^—log r\ 


We also define 


(7) Gp{x) := I3p{x,mp). 

Beware that with these notations, horoballs B{p,r) increase in size as r decreases. The 
number r will correspond to a height y in the coming developments. 

Since the curvature of M is pinched-negative — /s^aa; ^ ^ ^ Anosov 

property. That is, at every point of S*M, there are subbundles such that 

T{s*M) = 

where X is the vector field of the geodesic flow (pt- This decomposition is invariant under 
Lft, and there are constants © > 0, A > 0 such that for t > 0 

||(i(/Pi|£;s|| ^ Ce~^^ and \\d(p-t\E"\\ ^ 


The subbundle (resp. ©“) is tangent to the strong stable (resp. unstable) foliation 
(resp. VF“). The subbundles E^, are only Holder — see IPPST^ theorem 7.3] — but 
each leaf of IF*, IF“ is a submanifold of M — see lemma 


A.l 


Remark 1. IFe have to say how we measure regularity on M and TM. In TTM, we have 
the vertical subbundle V = kerTvi : TTM —> TM. Since M is riemannian, we also have 
a horizontal subbundle H given by the connection V. Both V and H can be identified with 
TM, and the Sasaki metric is the one metric onTM so that V T H and those identifications 
are isometries. 
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We endow TM with the Sasaki metric, and then also T*M by requesting that v >—>■ (v, •) is 
an isometry. For a detailed account on the Sasaki metrie, see [GK02]. On all the manifolds 
that appear, when they have a metrie, we define their spaces, k e N, using the norm of 
their covariant derivatives: 

Wfy^ := sup ||V^/||oo. 

k=0,...,n 

Then, For a more detailed aceount ofio^ spaces on a riemannian manifold, 

see for example the avvendix “functionnal svaces in a, cusv” in |Bon a. 


There are useful coordinates for describing the geodesic flow (pt on S*M. We associate its 
endpoints p~, p'^ with a geodesic. Then we have the identification 

S*M ~ X M 

given by ^ H-> {p~,p'^,t = Here is obtained by removing the diagonal 

from dooM x dooM. In those coordinates, pt is just the translation by t in the last variable. 
Moreover, the strong unstable manifold of f is the set {p~ = p~{fi),t = For the strong 

stable manifold, it is a bit more complicated in this choice of coordinates. 


We deduce that is the set outer normal bundle to the horosphere based at p (^), 

through 77 ^. The horospheres H{p, r) are submanifolds, and each Gp is a smooth function 


so that dGp e 


The proof uses the fact that the unstable manifolds 


are 


^00 


(lemma A.l), and the fact that there can be no conjugate points in negative curvature. 

For p e dooM, we introduce W^^{p) as the set of ^ e such that p~(C) = P- It is the 

set of outer normals to horospheres based at p. It is the graph of dGp, and 


Gp{7ript{x,dGp)) = Gp + t. 

We will refer to as the ineoming Lagrangian from p. 


1.2. Parabolic points and scattered geodesics. Now, let F = 7 ri(M). It is a discrete 
group acting freely on M by isometries. The elements of F can be seen to act by homeo- 
morphisms on M. We can define the limit set A(r) as F • n dooM, where the closure was 
taken in M, and is an arbitrary point in M. This does not depend on x^. 

If 7 e F is not the identity, one can prove that it has either. (1) Exactly one fixed point in 
M, (2) Exactly two fixed points on dooM, (3) Exactly one fixed point in dooM. Then we say 
that it is (1) elliptic, (2) loxodromic, or (3) parabolic. Here there are no elliptic elements in 
F, since F acts freely on M. Our study will be focused of the parabolic elements of F. 

All the parabolic elements 7 of F are regular, in the following sense: there is r.y e M* so 
that if is the fixed point of 7 , B{p.y,r.y) has constant curvature —1. We denote by Tpar 
the set of parabolic elements in F. The set of pfis is the set of parabolic points of dooM, Apar- 

Let p 6 Apar- Then, horoballs centered at p will project down to M as neighbourhoods 
of some cusp Zj, and we say that p is a parabolic point that represents Zi. When y.p = p, 
we also say that 7 represents Zj. Objects (points in the boundary, or elements of Fpar) 
representing the same cusp will be called equivalent. F acts on Tpar by conjugation, and 
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elements of the same orbit under F are equivalent — however observe that the equivalence 
classes gather many different orbits under F. 

If p is a parabolic point representing Zj, write p e Let Fp < F be its stabilizer. It 

is a maximal parabolic subgroup. We always have Fp ~ 7 ri(Tf) ~ The set of parabolic 
points equivalent to p is in bijection with Fp\F = {Fp 7 , 7 e F}. 

The following lemma seems to be well known in the literature. However, since we cannot 
give a reference for a proof, we have written one down. 

Lemma 1.1. Since M has finite volume, A(F) is the whole boundary, and the parabolie 
points are dense in dccM. 

Proof. Let us pick a cusp Z*, and a point p e A^^,,. Then, we consider x e dZi in the boundary 
of Zi m M. We can lift x to x e H{p,ai). The orbit under F of any x' e H{p, at) will remain 
at bounded distance of the orbit of x under F. We deduce that A(F) is the intersection of the 
closure of yj.y^H{p, ai) with the boundary dcoM. This implies in particular that A^^^ c A(F). 

Now, we can find a distance d on M that is compatible with its topology. Indeed, take a 
point m e M, and consider the distance d obtained on M by requesting that 

V e H(0,1) c TM exp^, {v x argth|t>|} is an isometry. 

Then, for that distance, the sequence of images 'yH{p, a,) have shrinking radii. Now, take a 
sequence of points Xj e 'yjH{p,ai), so that Xj ^ qe A(F). We have ^jH{p,ai) = Hfifjp,ai), 
and so d{xj,'yjp) 0. This proves that A(F) = 

Next, consider the open set U m M obtained by taking only points of M that project to 
points in the compact part Mq cc M. There is (7 > 0 such that given xi e U, for any 
X 2 e U, there is a 7 e F such that ^( 7 x 1 , X 2 ) ^ C. 

Let U be the closure of U in M. Since U is at distance at most C of the orbit of any of 
its points under F, we deduce that the limit set is U n da^M. 

Then, we find that A(F) = ^yjH{p,ai) n daoM = U r\ daoM. But, we also have 
yj^^H{p, ai) n FooM = \j^'^B{p, a*) n dooM. We deduce that 

(8) A(F) = I \j^-/B{p, Oj) u [/1 n dooM = U lB{p, a*) n FoqM = FqoA f. 

□ 

Remark 2. IFe will not use the funetions Gp when p is not a parabolic point. When p e Ap„^, 
one can choose the point rup so that Gp coincides with — logijp on the horoball H{p, rp), where 
tjp is obtained on H{p,rp) by lifting the height funetion y on the cusp Zj. With this choice, 
for p e Apar and 7 e F, we have the equivariance relation 

(9) G'y-ip = Gp o 7 . 

Geodesics that enter a cusp eventually come back to Mq when they are not vertieal, that 
is, when they are not directed along +dy. A geodesic that is vertical in a cusp is said to 
escape in that cusp. 
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Definition 1.2. The scattered geodesics are geodesics on M that escape in a cusp for both 
t +00 and t —oo. 

The set of scattered geodesics is denoted by SQ. Such a geodesic, when lifted to M, goes 
from one parabolic point to another, and hence is entirely determined by its endpoints. Take 
p, q representing Zi, Zj. For 7 , 7 ' e T, the pair of endpoints {p,jq) and {'^'p,'y''yq) represent 
the same geodesic on M. We let SGij be the set of geodesics scattered from Zi to Zj. From 
the above, we deduce that when i ¥= j, 

(10) SQij ~ rj\r/rj and SQii ~ Fj\(r - ri)/ri, 

where Fj (resp. Fj) is any maximal parabolic subgroup representing Zi (resp Zj). 

On the other hand, we can consider the set of curves that start in Zj above the torus 
{y = Oj} and end in Zj, above the torus {y = Oj}. Among those curves, we can consider the 
classes of equivalence under free homotopy. Let (M) be the set of such classes. One can 
prove that in each class [c] 6 7r^^{M), there is exactly one element c of SQij. In particular, 
this proves that SQ is countable. Hence, we have an identification SQij ^ Tr^iM). In what 
follows, when there is no ambiguity on the metric, we will write directly c e (M). In section 
1 ^ we will study variations of the metric, and will come back to the notation [c] e 7r^^{M). 

For a scattered geodesic Cij, we define its Sojourn Time in the following way. Take one of 
its lifts Cij to M, with endpoints p, q. Let T be the (algebraic) time that elapses between 
the first time Cij hits {fjp = Oj}, and the last time it crosses {yq = Oj}. Then, let 

(11) T(cij) := T - log Oj - log Oj. 

This does not depend on the choice of a* and Oj (as defined in ([^), nor on the choice of 
the lift Cij. We say that T{cij) is the Sojourn Time of Cij, and we can see T as a function 
on Given T > 0, there is a finite number of c 6 SQij with sojourn time less than 

T (otherwise, we would have two such curves that would be so close from one another that 
they would be homotopic). 

We denote by ST (resp. STij) the set of T(c) for scattered geodesics (resp. between Zj 
and Zj). We also call the Sojourn Cycles and denote by SC the set of sums 

( 12 ) T + ' ' ' + Ok 

where ct is a permutation of and T e STi^a(i)- A set of scattered geodesics 

{ci,..., Ck} such that Cj e SQi„(^i) will be called a geodesic cycle. 


1.3. A convergence lemma for modified Poincare series. Poincare series is a classical 
object of study in the geometry of negatively curved spaces — see [DOPOPj for example. For 
F a group of isometries on M, its Poincare series at x 6 M is 


Pt{x,s) = 2 ® 
7sr 


s 6 M. 


sd{x^'yx) 
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More generally, given a Potential on SM^ i.e a Holder function V on SM invariant by F, its 
Poincare series is 

Pr,v{x,s) := ^ 

7Gr 

where ^2^ H — s is the integral of H — s along the geodesic from x to 'jx. The convergence of 
both series does not depend on x, only on s. 

Remark 3. We will not write —s) to reduce the size of the expressions. We will assume 
that the integrand is all that is written after the sign until we encounter another ^ sign. 

When p is a point on the boundary, x and x' in M, V will refer to the limit of 

H H as M 3 p ^ p. When V is Holder, this limit exists because the geodesics \x,p\ 
and \x',p\ are exponentially elose. 

When we sum over {[ 7 ] e H\r} we mean that we sum over a set of representatives for H\r 
(E being assumed to be a subgroup o/F ). 

We only work with reversible potentials V. That means that iV is eohomologous to V 
(following |ppbi2j . ^ is the antipodal map in SM). In other words, we require that 

(13) V - iV = A{y) - A{x) 

Jx 

where A is a bounded Holder function on SM, invariant by F. In particular when this is the 
case, we can replace V by iV in the integrals, losing a 0(1) remainder. It is then harmless 
to integrate along a geodesic in a direction or the other. 

In our case where F is the tti of M, it is a general fact that there is a finite 5(F, P) e M 
such that -Pry converges for s > <5(F, V) and diverges for s < 5(F, V). This number is called 
the critical exponent of (F,P). We also call hr = h(F,0) the critical exponent of F. 

Remark 4. The exponent of convergence of a maximal parabolic subgroup Fp is always 
Spp = d/2. Additionally, the Poineare series for Tp diverges at d/2 (Tp is divergent^. This 
can be seen computing explicitely with the formula for the distance between two points {y, 6) 
and {y,0') in the half-space model of the real hyperbolic space 

(14) d{{y, 6), (y, 0)) = 2argsh ^‘^ 

2y 

Definition 1.3. In what follows, we say that a potential V is admissible if the following 
holds. First, V is Holder function on SM, invariant by F and reversible. Second, there are 
positive constants C,X, and a constant Poo e M such that whenever T > 0, if TTiptif.) stays in 
an open set of eonstant curvature —1 for t e [0, T], then for t e [0, T], 

(15) lV(^t(0)-Vool ^Ce-^*. 


Observe that an admissible potential has to be bounded. We will mostly use the potential 
Po = (-F^“ + d)/2 where is the unstable Jacobian (see (31) and (32)). We start with the 
following lemma: 


Lemma 1.4. Let V be an admissible potential. Then h(F,P) > hr^ + Poo- 
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If V = 0, this is the consequence of [DOPOOl Proposition 2], We will actually follow their 
proof closely, but before, we need 2 observations on triangles in M. 

Remark 5. 1 . Consider a triangle with sides a, b, c and angles a,l3,'y in a complete 
Hadamard space of curvature —k'^. We have 

cosh kc = cosh ka cosh kb — sinh ka sinh kb cos 7 . 

Assume that 7 > 7r/2 (the triangle is obtuse). Then we find that there is a constant Ck > 0 
— smooth in k ¥= 0 and k oc — such that 

(16) |c - (a + 6)1 ^ Ck- 

Since the curvature of M is pinched, by the Topogonov comparison theorem for triangles, the 
same is true for obtuse triangles in M, with a constant C controlled by kmin and kmax- 

2. Now, we consider a triangle with sides co,ci,C 2 in M, and V an admissible potential 
on M. Take C > 0. Among those triangles, we restrict ourselves to the ones such that the 
length of cq is at most C. Then 

(17) \ V = 0{1). 

Jci JC2 

this is still valid if the vertex at ci n C 2 is at infinity. Actually, to prove this, first observe 
that it suffices to make computations for that case when ci n C 2 is at infinity. Then it follows 
directly from the fact that the two curves are exponentially close in that case. 


Proof of lemma 1.4’ The limit set of Pp is reduced to {p}. In H{p,ai), Pp has a Borelian 


fundamental domain whose closure is compact. We can obtain a fundamental domain ^ 
for Pp on dQoM\{p] by taking the positive endpoints of geodesics from p through From 
|PPS12l Proposition 3.9], which is due to Patterson, there exists a Patterson density pL of 


dimension 6(r, V) on M, i.e, a family of finite non-zero borelian measures [px 
so that for any x, x' e M, 7 e P, 

dpx 


'xeM 


on 


d<x)AI, 


(18) 




dpx 


CQ CQ 
Jx Jx' 


(g) = expl - V - 6(T,V)> , q e dooM. 


Additionally, the /i^’s are exactly supported on A(r) = d<x)M, so Pxfi^) > 0. Take x e 14^. 
We have 

00 > pxiSa^M) = ^ Pxi'l^) + Tx{{p}) 

TsFp 

But, 

Px{'y~^'^) = 7*Px{'^) = r expjf -f V - d{r,V)\dpxiq) 

Jw yJ'yx Jx ) 


12 -p{r-r 


- F-5(r,p) 

■yx Jx 


dpx{q) < 00 - 


So we find 
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For , let Xg e be its projection on H{p, Oj). Since we have d{x, Xq) = 0(1) — from 
the choice of — we use ( |17[ ) and uniformly in 7 e Fp, 

nq rq px px 

- V-5{T,V) = 0{1) ; - V-5{T,V) = 0{1) 

JXq JX JXq Jx 


Take z{x') the intersection of the geodesic [g, x'] and the horosphere Hq based at q through 
Xq. The set of z{x'), x' e H{p, p) has to be bounded. Indeed, H(p, a*) is not compact, but the 
only way to go to infinity in H{p, ai) is to tend to p, and we find that as x' p, z{x') —>■ Xq. 
The geometry is described in figure 

Using again 

P P p(x') pg 

- v-s(r,v) = 0(i) ; - V-S(r,v) = 0(i), 

Jxq Jz(x^) Jx' Jx' 

and sum everything up (with x' = jx) 


J 'Q ri I'zi'yx) p p 

- u-<5(r,u) = o(i)+ + - u-,5(r,u) 

"yx Jx J'yx Jzlyx) Jxn 

=o{i)+ r 

J'y: 


z{'yx) 

v-6{r,v) 


(19) 

As a consequence, 
and since Pxi'^) > 0, 


rx 

0 ( 1 ) + 

J'yx 


v-6{r,v). 


Pr ,+ (x,<5(r,U))/i,(f#) <(», 


( 20 ) 


Pr„+(x,5(r,U)) <(». 


Since V is an admissible potential, Prpy{x,6{T,V)) ~ Prp(x, J(F,U) — Uoo). Since Fp is 
divergent, we deduce that (5(r, V) — Uoo > d/2. □ 
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In the article, we will need the convergence of a modified Poincare series. Take V an 
admissible potential. For a cusp Zi, take a point p e and let 7r“® be the intersection of 
the geodesic through p and x with ff(p, Oj). The horoballs B{p, Oi), p e are all pairwise 
disjoint. Indeed, the restriction of the projection M —> M to any such horoball is a universal 
cover of Zi. This implies that for x e B{p,ai), the part of the orbit of x under T that stays 
in B{p,ai) has to be its orbit under Tp. 

For X e M, take x e M a lift of x, and define 


Pziy{x,s) := 2 

[■y]eTp\r,'yx^B{p,ai) 

This does not depend on the choice of x. Given a point x e M, among a family {jx, [7] e 
Fp\F}, there is at most one point in B(p, a,), and such a point has to be one that minimizes 
Gp. So, for a point x e M, let Xp be a lift minimizing Gp among the lifts of x. For s 6 M, 
also let Gi{x) := Gp{xp). For q e Apar, also let 

.. r p<3 

(21) p^[s):= Yi exp j (I/oo - s)r(p, 7 g) + 1^-14) 

rp7rq7^rp -^p 



where T{p,'yq) is the sojourn time of the geodesic on M that lifts to \Pi1Q\- Observe that 
the set {Fp7rg 7^ Fp} can be identified with SQij, from equation (10). The main result of 
this section is 


Lemma 1.5. The series Pz^yix, s) and Py converge if and only if s > (5(F, V). Additionally, 
when e > 0, there is a constant 4 > 0 such that for s > (I(F, 1/) + e, 

( 22 ) \\Pz,y{x,s)\\p^2^]y) ^ Ge 

Our proof is inspired by IBHPOIj . and we generalize their Theorem 1.1. One can also see 
the article [PPT^ . or the proposition 3 in |Pau m- For two real valued functions / and g, 
we write f ~ g when there is a constant C > 0 with Gg ^ ^ g/G. In the following, when 

we use that notation, we let the constant G depend on s, but not on x, 7, p. We fix a cusp 
Zi, a representing parabolic point p e A^^^. 


Proof. The proof is divided into 3 parts. First, we compare the values of terms of the sum 
for different x’s, to check that the convergence does not depend on x indeed. Then, we 
study the sum for some well chosen x, to find the convergence exponent. At last, we turn 
to asymptotics in cusps. We let P* be the series where we have not excluded 7X5 e B{p, ai) 
from the sum. 


1. Take x,x' two points in M, at distance D > Q, and two lifts x and x' such that 
d{x, x') = D. 

Take 7 6 F. Assume that Gp{'yx') ^ Gp{'yx). Then the projection x;^ of jx' on the horoball 
B{p, Gp{'fx)) is at distance 0{D + 1) from 7X. This is a simple consequence of equation (16) 
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for the triangle with vertices Write 


px' 


V-s- 




r'yx n'yx' nxl^ r'yx 

V-s=\ V-S+\ V-\ 

JTTp'^{'fx) Jxl Jnp’-{'fx') •J'Xp’-{ 


V. 


oH7^) 


Since V is Holder, and bounded, we deduce that 

ryx f poo 'j 

V-s - \ V-s = 0{D + 1) U1 + |s|) + i 

7rp®(7x') J7rp*(7a:) i Jo J 

where /r is the Holder exponent of V. The constants in the estimates do not depend on x 
and x'. We have used that the geodesics joining jx, ir^px and x;^, TTppx' are on the same 
strong stable manifold. We deduce that for some constant C > 0, 


(23) 


,-C(DN+l) ^ ^ ^ciD\s\ + l) ^ ^ 

F*[x, s) 


2. Take now a point x e M so that Xp e H{p,ai) a B{p,ai). We claim that for all 
x' e H{p,ai), 


(24) 


pxp pxp 

H - s = (Hoo - s)d(x',7rp*(7Xp)) + 0(1) + V 

Jx' JTTp’FXp) 


— s. 


The remainder being bounded independently from Xp and 7. Let us assume that this holds 
for now. Then, we write 




n 

Pr,v(xp,s) - Prp,v(xp,s) = ^ 2 j 

rp77^rpaerp 

- 2 ^ exp i (Hoo - s)d(aa;p,7rp'(7Xp)) + r H-si 

rp77^rpaerp ( Jvrp77Xp) J 


Hence 


Pzi,vixp, s)Prpixp, s - Foo). 

Pr,v{xp, s) - Prpxixp, s) 


Pzi,vixp,s) 


PTp{Xp,S- Voo) 

But from lemma 1.4 we know that 5(r, V) > (5(rp, V). 


The proof of 24 is left as an exercise, very similar to the proof of 19 — replacing q by yxp, 
7X by 7r“*(7Xp) and x by x'. 

3. We turn to asymptotics in the cusps. Take x 6 Zj and q e Apar (if i = j, take p = q)- 
Let Xg minimize Gg among the lifts of x. Observe that the map (TpyT^ ^ Tp, a e Tg) 1—> Fpja 
is a bijection onto rp\r if i ^ j, and rp\(r — Tp) if i = j. We hence rewrite 


Pz.,vYs)= 2 

T -lT ^,/-T ( •JTT-n {'70 


F-s 


rp^^gYEp aeVq 


*(7axg) 
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Consider Hg the horosphere based at q, through Xg. Let Zj (resp. z'^) be the point of 
intersection of the geodesic [p,^q] with '^Hg (resp. H{p,ai)). From (19), we have 

r'yaxq {-yaxq) 


r^axq rZry rjaxq rn 

V -S = 0(1) + + 

{■^aXq) jp Jz~i Jp 


V-s. 


However, the distance between z!y and 7r“*(7axq) is uniformly bounded. This is a direct 
consequence of lemma 3.2 Hence 

rp 

= 0 ( 1 ), 

np''{'faXq) 


rp rp 

J z' J ttI 


and 

rjaxg 


I 

J?} 


V-s = 


7rp‘(jaxq) 


pg ■) 

J V - Hoo j + (Hoc - s) (T(ppq) - Gg(xg) + d('^~^z^,axq)) + 0(1). 


where T(ppq) is the sojourn time for the geodesic \ppq\- It follows that 
Pziy(x,s)~ Yi 

rp7rq7^rp 


pQ j 

(Voo - s)T{ppq) + j V-Vaoj 

X ^ exp {(Hoc - s){-Gg{xg) + d('y~^z^, (^Xg))] 


aeTo 


In the RHS, the first term does not depend on x; we recognize Py{s). The second is 
related to PYq(xg). We can see it as a Riemann sum as Xg —> q. Indeed, Tg ~ Z^, and we 
can write explicitely the second term as 

(25) ^{s-Vco)Gq{Xq) ^ f 2 (_ g) ^0 I ) 

As Xg —>■ q, y = +oo, and we can see this as a Riemann sum for the function 

/ = exp{2(Roo — s) argsh} for the parameter 2y. It should be equivalent to {2y)'^^^af- 
However / is integrable if and only if s — Vcc > d/2. As a result, we find that 

^ exp {(14) - s){-Gg{xg) + d{'y~^z.y,axq))} - g{s-Vco-d)Gq{xq)^ s > 14 +d/2. 

aeVq 

It is easy to check that the norm of this is finite whenever s ^ 14 + d/2 + e. The proof of 
the lemma is complete when we observe that the norm decreases when 3f?s increases. □ 


2. PARAMETRIX for THE EiSENSTEIN FUNCTIONS 

In the case of constant curvature, the universal cover M is the real hyperbolic space 
On it, there is the Poisson kernel P(x,p, s) that associates a function on the boundary f(p) 
with a function on u{x) such that 

(—A — s(d — s))u(x) = 0 u(x) = J P(x,p, s)f(p)dp. 

In addition, we require that u corresponds to the superposition of outgoing stationary plane 
waves at frequency s, with weight f(p) in the direction p. When the curvature is variable, one 
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cannot build such a kernel anymore, because the geometry of the space near the boundary 
is quite singular. In other words, the metric structure on the boundary is not differentiable, 
only Holder. Hence, no satisfactory theory of distributions is available. However, in the 
special case of parabolic points that correspond to hyperbolic cusps, the fact that small 
enough horoballs have constant curvature enables us to construct an approximate Poisson 
kernel for p e Apar- 

Taking the half space model for the Poisson kernel for the point p = cc is P = y^, 

so one can rewrite formula Q as 

Ei{s,x)= Yi Pi'yx,p,s). 

[7]erp\r 

This is exactly the type of expression we are looking for. In the first subsection, we 
introduce some notations. In the second we recall some facts on Jacobi fields that we will 
need. Then we build the approximate Poisson kernel, and later, we prove that summing over 
p e Ap^^ gives a good approximation of Ei. 


2.1. Some more notations. Fix some Zi and let p e be a parabolic point. We denote 
by the flow on M generated by VGp. It is conjugated to the geodesic flow on W^^ip) by 
the projection tt : r*M —> M. We have 


^ Jac(^?|t=o = Tr V^Gp = AGp, 


so that the Jacobian is 

(26) 


r 


Jac = exp < AGp o 


Thanks to the rigid description in the cusps, we have 

Gp ^ — log Qi we are above cusp Zi and Gp = — log yi, for all p e 
In that case, we can compute AGp = d, and it makes sense to define a twisted Jacobian: 

(27) Jp{x) := lim a / Jac ^e^'^ = a! Jac xP , for p e A* . 

^ ^ ^ t^+oo V V t^Gp{x)+\ogai' ^ 

This Jp is constant equal to 1 in the horoball B{p, a,). It is useful to define 

(28) bi := inf{y > 0, B{p,y) has constant curvature}. 

We have 6* ^ Oj, and J equals 1 on B{p, bi). We also let 

(29) Tp(x) := log Jp(x). 

Recall the curvature of M is pinched between —k'^ax ^ —1 ^ ~^min < 0. Then by Rauch’s 
comparison theorem, |CE08[ Theorem 1.28], 


(30) 

What is more, by 


(i(l kmax) ^ 


2F„ 


(Gp + log 60 + 


^ (i(l kmin) ■ 


B.l 


V"'Tp is bounded for n ^ 1, because VGp is in ^°°(M). 








RESONANCE-FREE REGIONS FOR SOME FINITE VOLUME MANIFOLDS 


17 


On the other hand, the Unstable Jacobian is the Holder function on SM defined by 

(31) := < 0. 

The fact that it is Holder is a consequence of the Holder regularity of — see |PPS121 
Theorem 7.1], In what follows, we will be interested by the potential 

(32) V„ = if” + i. 

We let 6g = (5(r,Vo). This is the relevant abscissa of convergence of theorem in the 
introduction, as we will see. 


2.2. Unstable Jacobi fields. We want to relate Vo ami Fp. We have to make a digression, 
and recall some facts on Jacobi fields. Take a geodesic x{t), and a Jacobi field J along x{t), 
orthogonal to x'{t). By parallel transport, one can reduce J to some function of time valued 
in Tj,(o)-^- 11 0116 also uses parallel transport for the curvature tensor, we get the equation 

(33) J"{t) + K{t)J{t) = (). 

if x{t) lives in constant curvature —1, K is the constant matrix —1. If J(0) = J^(0), then 
J{t) = e*J(0), and conversely, if J(0) = — J'(0), J{t) = e“*J(0). 

For V 6 TM, denote by the space of vectors in TxM orthogonal to v. Recall that H and 
V are the horizontal and vertical subspaces introduced in remark Then we can identify 
TySM ~ (Mu©u“’“)©U"*-. In this identification, the first term Mu©u“’“ is H. The second term 
is U n TySM. In this notation. Mu is the direction of the geodesic flow, and v its vector. 

This identification is consistent with Jacobi fields in the sense that if 


dipt.{l,Vi,V2) = {l{t),Vi{t),V2{t)), 


then l{t) = I for all t, vi{t) is a Jacobi field orthogonal to v{t) = x'{t), and V 2 {t) is its 
covariant derivative (also orthogonal to v{t)). 


An unstable Jacobi field JI“(t) along x{t) is a d x d matrix-valued solution of 33 along x{t) 
that is invertible for all time, and that goes to 0 as f ^ — oo — it just gathers a basis of 
solutions. Similarly, one can define the stable Jacobi fields. Such fields always exist; they 
never vanish, nor does their covariant derivative — see |Rug07| . We denote by JI“(s) the 
unstable Jacobi field that equals 1 for s = t — given a geodesic x{t). Actually, s JI“(t -I- s) 
only depends on u = {x{t), x'(t)) e SM. We will write it s J“('S)- 


From the identification with TSM, we find that vectors in take the form 
{S^{t)w,S'^'{t)w), whence we deduce that 


(34) 


= {(u;,J“'(0)u;)|u; 1 v}. 


The matrix JI“^(0) only depends on v, we denote it by U^,. Similarly, we define for the 
stable Jacobi fields. They satisfy the Ricatti equation (along a geodesic v{t)): 

U' + 1]^ + K = 0. 
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They take values in symmetric matrices (with respect to the metric), which is equivalent to 
saying that the stable and unstable directions are Lagrangians. Given a geodesic curve x{t), 
Su{t) and Jls(t) two Jacobi fields along it, we can write U = and find that 


(35) 


|{J^(U-§)J4=0. 


This is a Wronskian identity. We can also compute 


(36) 


detd^tiEHv) = detJ)((t)G ^ 


det (1 


U2 , . 


We have a map : w e H{v) i—> (ic, Utuu) e i?“(u) from the horizontal subspace to the 
unstable one. If one considers the metric obtained on by restriction of the Sasaki 
metric in TSM, this gives a structure of Euclidean bundle to over SM. 

Lemma 2.1. The matrix 1 + is the matrix of the metrie i*ds‘l^ on H. This is bounded 
uniformly on SM. 

Proof, this metric is always ^1 — here, 1 refers to the metric on H, i.e, the metric on TM. 
The only way it can blow up would be that for a sequence of u, u T v, —*■ oo. If Uqo was 

a point of accumulation of v in M, that implies that and H are not transverse at Voo- 
That is not possible since there are no conjugate points in strictly negative curvature. We 
deduce that irv e M has to escape in a cusp. 

However, in the cusp, the curvature K is constant with value —1. Hence, unstable Jacobi 
fields in the cusp write as He* + He“*, where A and B are constant matrices along the orbit. 
Then U^, = 1 + 0{e~^) as the point v travels along a trajectory ipt that remains in a cusp. 
In particular, = 2.1 + 0{l/y) for points of height y in a cusp. □ 

In this context, from the definition, we find that for x s M, 

(37) J2(x) = e*'^det vGp(x))(-^)> ^r t ^ Gp{x) + loga^. 

As a consequence. 

Lemma 2.2. For x e M, and t eM., 


Vo = Ep{^,{x))-Epix) + 0{l). 

Jx 


What is more, Vq is an admissible potential. 


Proof. The first part of the lemma comes directly from equations (37) and (36), and the 
observation just afterward. 

To prove the second part, it suffices to prove that is an admissible potential. Consider 
a point V 6 TSM so that (pt{v) remains in a cusp for times t e [0, T]. Taking the Jacobi 
fields starting from v along its orbit, for t e [0,T], we find 


(38) 


= (He* - He"*)(He* + He"*)"* = 


1 + 0 (e"*) 
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and 




det 1 + 0(e~*) 

—t—s\ 


det 1 + 0{e 


= -d + 0{e-^) 


The last thing we have to check is that T®" is reversible. However, is the strong 
Stable Jacobian 


(39) 


From eqnation (36), and the Wronskian identity ( |35[ ), we find that 

det Ut, — 


(40) det dipt\E‘^(x,v) det = 

Since the function 

(41) 


det 

Vdet(l + U2)(1 + §2) 


\ det(l + U2)(l + S2) 


det U — S 

is well defined on SM, Holder continuous, and bounded, is reversible. 


□ 


2.3. On the universal cover. In this section, we fixp e Apar, and we omit the dependency 
on p; it shall be restored afterwards. We use notations introduced in section |2.1[ We will 
use the WKB Ansatz to find our approximate Poisson kernel. Consider a formal series of 
functions on M, 

fix) = 2 

n^O 

with s e C and /o = 1, and compute 

(-A - sid - s))[e-^^Jf] = [s (2VG.V(J/) + JfAG - Jfd) - A(J/)j , 

where we have used that G satisfies the eikonal equation |VGp = 1. If we expand the formal 
series, we find that this expression (formally) vanishes if for all k > 0, 

2JVG.Vfn = A(J/„_i). 

Indeed, 

2VG.VJ = J{d-AG). 

We can rewrite those equations in terms of F = log J : 

(42) 2VG.V/, = Qfn-i where Qfix) = Af + 2VF.V/ + (|VF|2 + AF)/. 

These are transport equations, with solutions : 

(43) /n = ^ f iQfn-i) o (p^dr 

^ J—00 

Remark that on {G ^ — log 6}, from the dehnition ( |28| ) F vanishes, and so does Qfo- Hence 
all fnS but /o vanish, and the formnla above is legit. We prove : 

Lemma 2.3. There are constants Cn,N > 0 for n > 1, N e N, such that for all t e 

WfnW^ffN{{Gp^T-logb}) ^ Cn,NX ■ 
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Proof. We use lemma B.l again, and proceed by induction. The result is obvious for n = 0. 


Now assume it holds for some n ^ 0. Taking qq = fn, gi = fn+i, ^ = — log 6 , the lemma 
enables us to conclude directly if we can prove that 

||Q/n|l‘^fe(G!£T—logfe) ^ ■ 

But this is a simple consequence of the induction hypothesis and the fact that VF e 

□ 


All the functions defined above depended on choosing a parabolic point p, and now we 
make it appear in the notations: 


N 


(44) 


fp{s) := 2 ^ Pn{-,P,s) := e ""^Jpfpis). 


n=0 


This is the approximate Poisson kernel. Then for all > 0, 


[-A-s(d-s)]e ^^Pjpfp{s) = -s "e JpQpfN,p- 


-N-sGr, 


so we let 
(45) 


'^A^(')P)®) • ® ^JpQpfN,p 

This will be the remainder term. Now, as the last point in this section, observe the equiv- 
ariance relation 


(46) 


Pn{ix,p,s) = PN{x,-i p,s). 


2.4. Poincare series and convergence. The functions defined by (44) and (45) in M are 
already invariant under the action of Tp, so to define a function on M, we only have to sum 
over rp\r. As in section 1.3, take a cusp Zi, a parabolic point p e A^^^. For x e M, let 
Xp e M be a point minimizing Gp amongst the lifts of x. Then 

Lemma 2.4. For e > 0, and N e N, there is a constant CM,e > 0 such that for all x e M, 
and all Ifis > 5(r, Vq) + 


^ \PN{'yxp,p,s)\ 

[7]erj,\r,[7]#[0] 




LliM) 

Further, with the same condition on s, the remainder satisfies 


^ \Rn{7Xp,p,s)\ 

b]erp\r 


< CN,eV\ 




LliM) 


with bi as defined in (28) 


Proof. First, we give a proof for N = 0. write 

{ r'fS 

iHslogOi + FpijXp) - 


P il^p) 
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Recall —Fp{TTp^{jXp)) = 0. By lemma 2.2, losing constants not depending on s, the RHS is 
comparable with 

^ n^p \ 




E 


exp 


[7]srp\r,[7]#[o] 






Ro - 


Lemma 1.5 states that the term in the right part of the product is bounded uniformly in 
norm. 

Now, we deal with the higher order of approximation. Let n > 0 and consider the sum 

0 7- 

[7]eR\r 


By lemma 2.3, this is bounded term by term by 

Ck 2 (e"*^"^p((G'p + log6i)+)”)o7- 

HerAr 


Inserting 1 = bfb- this is 
(47) Ckbf 


2 


[7]er,\r,G,;s-iogb, 


Let 


:= 


^0- 2 

[7]er,\r,G,;s-iogb, 

By the argument above, for s > (5(r, Vq) + e, this sum converges and the value is bounded in 
norm by some function of s. What is more, since all the exponents are nonpositive, this 
a decreasing function of s e M. We deduce that when e > 0, there is > 0 such that for 
X e M, > (5(r, Vb) + we have ||Lg‘||2,2 ^ Ce- 

Consider L = ^ Dirichlet series, with e M"'", ^ 1, converging for JRs > sq. 

Then, if s — e > sq, we find |L^(s)| ^ L{^s — e) sup„ | log A„|A“'^. Since Lq has this Dirichlet 
series structure in the s variable, it implies that for some constants > 0, 

\\d':4^{s)\\L2 ^ xeM,^s> (5(r,Ro) + £• 

Observe that ™ay depend on b*. Hence 


E I 

[7]erp\r 


T Jpfn,p) O l\ 


^ Ce,nhf\ xeM, ?fis> <5(r, Rq) + e- 


L‘2{M) 


Moreover, this also holds if we replace fn,p by QpfN,p, and this observation concludes the 
proof. □ 


Now, we can prove our first theorem: 

Theorem 3 (Parametrix for the Eisenstein functions). For N e N, let Zi be some cusp, and 
p e Ap^^ a representing point. For iPs > (i(r, Rq), let 

Ei^Nis,x):= ^ Pn{^Xp,p,s). 

[7]6D\r 
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this function is defined on M, but invariant by F, so it descends to M; it does not depend 
on the choice of p e Then, uniformly in s when SRs stays away from 5(r,Vb); cind 

s i [d/2,d\, 


(48) 




Proof. From lemma 2.4, we deduce that Ei^N is well defined; it does not depend on p thanks to 


the equivariance relation (46). Additionally, for a cutoff x that equals 1 sufficiently high in Zi 
and vanishes outside of Zi, Ei^N — Xht ™ uniformly bounded in sets {SRs > (5(F, Vq) + e}. 
The sum 

[7]6rp\r 

converges normally on compact sets, and in also, so we find 

Ei-Ei^N = s~^ s{d-s))~^ Y Rn{7-,P,s) 

[7]erj,\r 

Since d™ (—A — s((i — s))~^ is bounded on H^{M) with norm 0(1} when s stays in sets 
> d/2 + e,s f [d/2, d]}, it suffices to prove that when 3f?s > (f(F, Vq) + 


d™ Y Rn{x-,P,s) 

[7]erp\r 


= O(s^bf^) 


Actually, since the sum has a Dirichlet series structure, we see that this is true for all m ^ 0 
as long as it is true for m = 0. From the bounds in lemma 2.3, and the bounds on VGp e 
we see that for x' e M, 

\\V^Rn(;P,s)\\(x') ^ Ce-^^^^^'Up((Gp + \oghi) + )^ 

We conclude the proof using the arguments of the proof of lemma [2^ again — from equation 
(|47|) and below. □ 


Remark 6. We have given estimates for the convergence in , k ^ 0. However, the sum 
also converges normally in topology on compact sets. 


3. PARAMETRIX for the SCATTERING MATRIX 

Let us recall that the zero-Fourier mode of Ei at cusp Zj is 

yWij + (f)ij(s)y‘^~''. 

This formula is valid a priori for y ^ aj. However, if we integrate Ei along a projected 
horosphere of height 6* ^ y ^ a,, we still obtain the same expression, even though the 
projected horosphere may have self-intersection — recall they are the projection in M of 
horospheres in M. This is true because following those projected horospheres, we do not leave 


an open set of constant curvature —1 — see (28) — and we can apply a unique continuation 
argument. 
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The smaller the 5j’s are, the better the remainder is. In constant curvature, there is no 
remainder — the remainder in 48 goes to zero as N cc, with fixed s. Observe that the 
parameters bi are only related to the support of the variations of the curvature, and not to 
their size. 


3.1. Reformulating the problem. In this section, let p e Apar^ Q ^ Apar 
that when i ^ j, SQij ~ rp\r/rg, and SQa ~ rp\(r — rp)/rp. We prove 


Recall from 


( 10 ) 


Lemma 3.1. When > (5(r, Vq), integrating on horospheres in M, 


(49) 




2 PN{;P,s)dp[e) + 0[s^l^-^hth]). 

WeSG.i ■’Hhq,bj) 


The eonstants are uniform in sets {(Rs > (5(r,Vo) + £};£> 0. What is more, this expansion 
can be differentiated, differentiating the remainder. 


Proof. First, for Hj{hj) ^ T\H[q,bj) the projected horosphere from cusp Zj at height bj, 
integrating in M, we claim 

(50) fij{s) = -bf-%j + f _ b^f^Ei^Nde^ + 0{s^/^-^blEj), 

JxGHj(bj) 

where the remainder can be differentiated. Considering zero Fourier modes of Ei in the 
cylinder Tq\M we see that the formula holds if we replace Ei^N by Ei, without remainder. 
Hence, we only have to estimate 


dT ^ E, - Ei^NdO^ 


The surface measure obtained by disintegrating the riemannian volume on {y = bj} is dp{9) = 
dO'^fb'j. According to the Sobolev trace theorem, the norm of a restriction to Hjfbj) — 
it is an immersed hypersurface — is controlled by the norm on M. Using this and 

theorem we obtain that the remainder is bounded up to a constant by 


ci/2 J? III _ col 

0 - sup ||(7^(£/j — F/j,7v)||/ci/2(M) — ^(s bi bj j. 

k=0,...m 


Now, to go from (50) to (49), we just have to use the description given by theorem 
Indeed, consider a cube Cq in H{q,bj) that is a fundamental domain for the action of 
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Fg ~ Z'^. Then 


f _ K-^Ei^Nd9^= V f Er‘^PN{i;P,s)de<^ 

JxeHj {bj ) |-^j erp\r 

= S [ b-^~‘'PNi;P,s)de‘^ 

[7]erp\r 

= S S [ P-''PNi;P,s)de'^ + 5.j( br'^PNi;P,s)d9'^ 

MeEpVr/r, 7'6r, h^Cq JCp 

HYEp 

2 f b^f^PN{-,p,s)d9^ + S,A E,-^PN{-,P,s)d9^ 

:r„\r/r„ ^Cp 


[7]erp\r/r, 
[ 7 ] AEp 


It suffices to observe now that 


f bt-^PN{;P,s)d9^ = 

■JCp 


□ 


We want to give an asymptotic expansion for each term in (49). To be able to use stationary 
phase, the next section is devoted to giving sufficient geometric bounds on the position of 
H{'jq,bj) with respect to IT“°(p). 


3.2. Preparation lemmas and main asymptotics. Take p e Apar^ Q ^ Apar, q ¥= p- We 
will work in H{q, bj) cz M. As an embedded Riemannian submanifold, it is isometric to 
and the isometry is given by the 9 coordinate; we use this to measure distances on P[{q, bj) 
unless mentioned otherwise. We are considering 

(51) P^(-,p,s)dM0)= f 

•JH(q,bj) 

At all the points where VGp is not orthogonal to the horosphere, this integral is non¬ 
stationary as |s| ^ -|-oo. There is only one point in P[{q,bj) where VGp is orthogonal 
to H{q,bj); it is exactly the point where the geodesic Cp^q from p to q intersects H{q,bj) 
for the first time — the second is q. It is reasonable to expect that the behaviour of the 
approximate Poisson kernel around this point will determine the asymptotics of the integral. 

It is indeed the case, as we will show that Gp, Jp and fp satisfy appropriate symbol 
estimates on H{q, bj). If a e we say that a is a symbol of order n e Z if for all A: e N, 

(52) < 00 where <x)^ = 1 -I- 

For a geodesic coming from p intersecting H{q,bj), call the first intersection the point of 
entry and the second one the exit point — they may be the same. We can assume that the 
point of entry of Cp^q is 0 in the 9 coordinate — denoted Og. It is also the point where Gp 
attains its minimum on H{q,bj), and this is T{cp^q) + logbj, with T{cp^q) the sojourn time 
as defined in ©• We start with a lemma : 
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Lemma 3.2. The set of entry points X a H{q,bj) is compact. Its radius is bounded inde¬ 
pendently from p, q, for the distance on H{q, bj) given by H{q, bj) ~ 


Proof. First, we prove it is compact. By continuity, X contains a small neighbourhood U of Og. 
Let U' be the set of exit points of geodesics whose entry point is in U. It is a neighbourhood 
of q in H{q,bj) — by definition of the visual topology on M. The complement of U' has 
to contain X, and it is compact, so X is relatively compact. The claim follows because X is 
closed. 


Now, since Gp is and the horosphere is smooth, the boundary of X only contains 
points where VGp is tangent to H{q, bj). Take such a point 9, and consider the triangle with 
vertices p, 0^, and 9. Let a be the angle at O^, and L the distance between and 9 in M. 
Since the horoball B{q, bj) is convex, a > 7r/2. From the remark on obtuse triangles (16) for 
[p,9,0g], if I = Gp{9) — Gp{O 0 ), we have L — I = 0(1). 



We want to prove that L is bounded independently from p, q. To see that, consider p' 
the other endpoint of the geodesic through p and 9, and 9' its projection on H{q,bj). Let 
V = Gpi{9) — Gpf{9') and let L’ be the distance in M between 9 and 9'. By the same argument, 
L' = V 0(1). Moreover, I V \s the distance between H{p,Gp{Og)) and H(p',Gpi{9')). So 
that if L" is the distance between Og e H{p,Gp{Og)) and 9' e H{p',Gpi{9')), L" > I + I'. 
However, by the triangle inequality, L" ^ L + V. We deduce that L" = L + L' + 0(1). By 
theorem 4.9 and 4.6 of |HIH77| . L" is bounded by constants depending only on the pinching 
of M, and so is L. 


Additionally, from equation (14), we deduce: 


\9\ = 2 bj sinh —. 


□ 


Our second lemma is the following: 

Lemma 3.3. In X, Gp is convex. That is, on X, if a is the angle VGp makes with the 
horosphere H{q,bj), we have dgGp ^ (sin a + aKmin)/b'j. 

Proof. Let 9 e X. Take u 6 with |u| = 1 and 9' = 9 + eu for e > 0 small. We apply 
Topogonov’s theorem to the triangle with vertices 9, 9' and p, where p is a point that will 
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tend to p. Let a(e) be the angle at 6. Then by comparison, we have 
cosh{Kjnind{0',p)) ^ cosh{Kmind{6,p))cosh{Kmind{9,6')) 

- smh{Kmind{0,p)) smh{Kmind{O,0')) cosa(e). 

As we let p —>■ p, 

cosh{Kmind{9',p)) cosh{Kmind{0',p)) 


cosh{Kmind{9,p)) smh{Kmind{9,p)) 


ex.p{Kmin{Gp{9') - Gp{9))) 


and 


Kmin{Gp{9') - Gp{9)) ^ log \cos\i{Kmind{9, 9')) - smh.{Kmind{9,9')) cos a(e)] . 

Now, we let e go to 0. We have Gp{9') — Gp{9) = eVGp(0).u + e^(igGp(0).u®^/2 + o(e^) 
Additionally, VGp(6*).u = —cosa;(0)/6j and d{9,9') ~ e/bj by (14), so the RHS becomes 


log 


^ _ Kminecosaje) ^ ^ ^^^ 2 ^ 


2b] 


cos a(e)H--^^(1—cos a(0)^+o(l)). 

2bj 


And we deduce 


j2/^ tn\ <8)2 ^ Kmin ■ 2 i o (^) 

dnGp{9).vy ^ Sim a(0) + 2-^ - . 

bj bj 


Now, computing in the hyperbolic space, we find that the angle /3 at which the geodesic 
between 9 and 9' intersects H{q,bj) satisfies (3 ~ e/26j. If a is the angle between VGp{9) 
and H[q, hj), we find 


cos a = cos a cos 2 ^{u, doGp) + sin a sin j3 and (cos a)^(O) = 


sma 


26. 


Finally, we can observe that a(0) ^ a and 


dlGp{9) ^ 


sin a + Kmin sin^ a 

^ ■ 


□ 


We have to separate the integral (51) into two parts, let us explain how we choose them. 


The stable and the unstable distributions of the flow ipt are always transverse. Since they 
are continuous, the angle between them is uniformly bounded by below by some a > 0 in 
any given compact set of M — we say that they are uniformly transverse. Lifting this to 
M, the angle is uniformly bounded by below on sets that project to compact sets in M. In 
particular, this is true on the union of the H{q, bj) for q e Apar- 

Now, we can also consider the geodesic flow in the hyperbolic space of dimension d + 1. 
It has stable and unstable distributions. The cusp Zj is the quotient of an open set of that 
space by a group of automorphisms, so that those stable and unstable distributions project 
down to subbundles Ef^yp, E^y^ of TS*Zi, invariant by the geodesic flow. We call them the 
*-stable and *-unstable manifolds of Zi. The angle between them is constant equal to tt/2, 
and they are smooth — even analytic. 

By definition of the stable and *-stable manifolds, if the trajectory of a point ^6 S*Zi 
stays in Zi for all times positive, its stable and *-stable manifolds coincide. This is the case 
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of {0,dGp). As a consequence, there is a small neighbourhood Vi of 0 in the 6 plane, whose 
size can be taken independent from p,q, where the unstable manifold of {6,dGp{0)) and its 
*-stable manifolds are uniformly transverse. 


By the arguments in the proof of lemma 3.2, we see that the set of points of H{q, bj) that 
are not exit points of geodesics whose entry points are in Vi, is a compact set. Denote it by 
V 2 . Its radius is also bounded independently from p and q. Now, let y e take value 

1 on V 2 , and introduce 1 = x + (1 ~ x) iii (51), to separate it into (I) and (II). 

From theorem 7.7.5 (p.220) in Hormander |Horn3j . we deduce 


Lemma 3.4. For eachp,q, there are eoefficients An{p,q) so that for every N 
(I) = (^) exp I r Vq- sT{Cp^q) 

((1 + {'T{Cp,g) + • 

_ns;iV-l * * 

We have Ao{p, q) = 1, and An{p, q) = 0(1 + iT{cp^q) + logbj)'^)'^. What is more, the An do 
not depend on N for n ^ N — 1. 


Proof. From lemma 2.3 we already know that the functions under the integral are smooth, 
uniformly in p, q. From lemma 3.3, we know that the phase is non-degenerate at 0. To apply 
Hormander’s theorem, we need to check that the derivative {deGpl is uniformly bounded from 
below in V 2 — Vi. 


The general observation is that {deGpl remains bounded from below if VGp stays away 
from being the outer normal to H{q, bj). 

Start with 0 e V 2 an exit point. Consider c the geodesic along VGp, going out at 9. The 
closer to the outer normal VGp{9) is, the longer the time c had to spend in the horoball. 
Since the set of entry points is uniformly compact, this implies that points where VGp is 
almost vertical — i.e along dy — have to be far from 0. But V 2 is uniformly bounded, so 
\doGp\ is bounded by below on the exit points in V 2 . 

For the entry points that are not exit points, we use the uniform convexity from lemma 


the boundary of X', \deGp\ = bj. By continuity, there is e > 0 such that \deGp{6)\ < bj/2 
implies d{9, dX') > e. As a consequence, from the local inversion theorem, there is 0 < e' < e 
and e" > 0 such that if \dQGp{9)\ < bj/2, 

B{deGp{e),e") ^ deGp{B{e,e')). 


3.3 By that lemma, dgGp is a local diffeomorphism in X' = [9, VGq{9).VGp{9) < 0}. On 


Then, when \doGp[9)\ < e", 9 has to be at most at distance e' from a zero of dgGp, i.e Og. 
The constants d and d' can be estimated independently from p and q. 

Now, we have an expansion 

(53) (I) = 


d/2 y ^ 

exp {-sT{cp^q)} Go + -Cl -t ... 
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We have 
(54) 


^0 = 




(detd2Gp(0e))V2' 


We factor out Cq from the sum, and define An{p, q) = CnjCQ. From lemma 2.3 and the fact 
that VFp is it is quite straightforward to prove the estimates on the A^’s. 

Now, we have to compute Cq. From |HIH77( proposition 3.1], we see that 

(55) V^Gp(x) = Ua-^VGpla:)- 
Where U was introduced after equation ( [M] ). 

We use a simple trick. Along the geodesic Cp^q, S/{Gp + Gq) = 0, so that the Hessian 
d?{Gp + Gq) is well defined along Cp^q. This implies that dg{Gp + Gq) = V‘^{Gp + Gq). But 
on the horosphere H{q,bj), Gq is constant, and we find (igGp(O 0 ) = V^Gp(Oe) + V^Gq( 05 i). 

The unstable Jacobi fields along Cq^p are the stable Jacobi fields along Cp^g so ^x,\’Gq(x) = 
‘^x,\ 7 Gp{x)- Hence, 

(56) dlGp{0g) = Ua-^vGplx) -§x,VGp(a:)- 
In constant curvature, this is the constant matrix 2x1. 

Now, we give another expression for Jp{0g). Let x e M. Consider Su the unstable Jacobi 
field along ((/ 9 j(x)), that equals (l/y)l for a point along the orbit that is close enough to p 
— where y is the height coordinate exp —Gp. Then 

^ ^d.Gp(^x^ 

^ detj„(x)' 

When X = Og, for t > 0, we can write ^u^PtiS^e)) = Ae^ + Be~^. We can also define the 
stable Jacobi field along (p^{0g) that equals 1 at Og. From the equation (35), we find that 


(58) 

Hence 

The limit for t 


(59) 


W := JItj(t)'^(U(t) — S(t))JIs(t) is constant. 


^d.Gp{0Q) 

+00 gives W = 2A. Whence 

d.Gp(Og) 
r<2 ^ _ 

° 2'=* det A ■ 


On the other hand, 
rq 

exp 


f 

dp 


-2Ho 


= lim det 

t^ + 00 


E'^(v) 


^ e for n 6 [p, q] sufficiently close to p. 


= det jHe from formulae (36) and (38). 


We conclude that 
(60) 


Go = 2-‘^/2 


exp 


^0 


□ 
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3.3. Estimating the remainder terms. Now, we consider 

(61) (II):=f = 4 f is,e)il - x))de 

JRd, S jRd 

where Lpf = div |^|- 


wf 


. This holds for any A; e N; if we get symbolic estimates on the 


integrand, we will find that (II) = 0{s ”)(I). Our next step is to study the growth of Gp as 


e 


00 . 


is a symbol of order 1 in 6 m — V 2 , bounded indepen- 


Lemma 3.5. The function ||g^g^|| 
dently from p, q. 

Additionally, exp(—s(Gp — log5j)) is integrable, and for any e > 0, there is a constant 
Ce > 0 such that whenever SRs > d/2 + e, 


I 


,-s{Gp-\ogbj)^Q ^ Q g-5Rsr(cp.q)_ 


'-^2 


Proof. With each 0 6 — V 2 we associate the point of entry Oq — Oq e Vi by definition. 

Consider the geodesic coming from p, entering the horoball at 9o and going out at 9. Then, 
if e is the angle of this geodesic with the normal to the horosphere, 

2b 


\9-9o\ = 


tan e 


but, we also have that 


Hence 


\deGp\ = 


sm e 


1 


and 


\deGp 

dgGp 

WdeGpW^ 


= 2 !^ “ ^ok/l + 


462 


|0-0ok’ 


— -{9 — 9o)\ 1 + 


462 




It suffices to see that 9 9o is a symbol of order —1 to obtain the first part of the lemma. 
But 0 1 -^ 00 is a one-to-one map, and by means of an inversion in the hyperbolic space, we 
see that 9o 0/||0p is a smooth map. Its derivatives are controlled by the angle that VGp 
makes with the vertical (and its derivatives). As a consequence 0 —> 0o is a symbol of order 
— 1, uniformly in p and q. 


Then, using formula (14), as 9 ^ go, 

Gp = 2 log ^ -I- Gp(0o) = 2 log -t- T{cp^q) + log6j -I- o(l) 

where the remainder is a symbol of order —1. We deduce that exp —sGp is integrable (/Rs > 
d/2), and 

d^dg-5Rs(Gp-log6j) ^ (Jg-^sTicp^q) ^ 


I 


□ 
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Lemma 3.6. On the horosphere H{q,bj), Jp is a symbol of order 0 with respect to 9. In 
symbol norm, it is C>(Jp(0e)). 


Proof. We use Jacobi fields and notations introduced in section We also use the uniform 
transversality condition in the definition of Vi — see page 26 In the neighbourhood Vi, since 
is transverse to the constant curvature stable direction, there exists a smooth matrix A{6) 
such that 

E-{9) = {X+ + X-\X+e Ely^, X" 6 = A{e)X-}. 

When we transcribe this to Jacobi field coordinates, 


Remark here that (1 + A) is invertible ; indeed, if it were not, there would be an unstable 
Jacobi field on M that would vanish at some point. But a Jacobi field that vanishes at some 
point cannot go to 0 as f ^ —oo, it has to grow. 

Now, we consider a trajectory entering the horoball at Oq. We use the coordinates {9Q,t) 
to refer to ip^{9o). We use parallel transport to work with vectors in TS*M\y.^. We have 

E^{eo,t) = {X+ + X-| X+ 6 Eiyp, X- 6 Ely^, X+ = e-‘^^A{eo)X~} 
and in the horizontal-vertical coordinates 


E-{eo,t) = {((1 + e-‘^^A)i, (1 - e-^^A)m 1 d/dt} 


Actually, for t e [0,T], the Jacobian 

Jac (pf(9o) 

is the determinant of J(0) i—> J(t) where J(t) are the unstable Jacobi fields along the trajec¬ 
tory From the description with matrix A above, we deduce that this is 


As a consequence. 


e^’-^det 


1 + e-2*A(0o) 

1 + A(9o) 


1 + e-^^A(9o) 

Jp(9o) Y 1 + ^(^* 0 ) 


Recall that t ~ 2 log |0| when the trajectory reaches the horosphere again, and that 9 
is a symbol of order —1. We deduce that Jp(9) is a symbol of order 0. 


Oo 

□ 


Lemma 3.7. For all n ^ 0, in the region of the horoball corresponding to trajectories entering 
in Vi, we can write 

fn,p{9o,t) = fn,p{9o,e )• 

We have for all k ^ 0, 

ll/n,plb'= ^ Cn,k{{T{Cp^q) + logbj)^)'^ 
with Cn,k not depending on p nor on q. 
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Proof. We start by considering two functions oi and 02 of Oq and Then 

e^*Vai.Va 2 and e^^Aoi 

are still smooth functions of 6 q and Consider a trajectory x{t) = { 60 , t). We can take 

normal coordinates along this geodesic (t, x'). We then only need to prove that 
is a smooth function of 6*0 and t. First, we observe that d9o/dx'^^,^Q^^Q is only controlled 
by the angle between the geodesic and the horosphere H(q,bj), and this angle we have 
shown to be smooth. We only have to consider dx'{t)/dx'{0)\x'=o^ that is, the differential 
of the flow transversally to VGp. We have computed it in the previous proof; it is 
e\l + e-^^A[e^))[l + A{0o))-\ 

Now, we proceed by induction on n. First, /o,p = 1 so it obviously satisfies the assumptions; 
it is also the case of Fp = log Jp. Assume that the hypothesis has been verified for some 
n ^ 0. Then by the above and (42), 2.3 e^^Qpfn,p is a smooth function of 9q and with 


the same control as for fn,p, and 

1 r* 

fn+l,p{9Q,t) ~ fn+l,p{9o,0) + — Qpfn,pds. 

^ Jo 


we can write the integral as 


J e ^^a(6»o,e ^*)ds = Ja(6»o,/o)dp 

for some smooth function a. This ends the proof. 


□ 


Now, recall that e ~ |0 — 0o| so this proves that fn,p{9) is a symbol of order 0 as 
9 CO. 


Putting lemmas 3.5 3.6 3.7 together, we deduce from equation (61) that for all N,k> 0 
and e > 0 , there is a constant Cjv,fc,e > 0 such that, when > d /2 + e, 

(62) |(II)| ^ + (r(cp,,) + log 6 ,)+)'^s-^ 

for c 6 TT^-^ (M) with endpoints p, q in 


3.4. Main result. With the notations of lemma 
M, we define 


3.4 


a”(c) := exp |J ^o| An{p,q). 


(63) 

We also dehne 

(64) 7/j := inf{T(c), ce tt\^{M)} and T* = min(-log6*5^, 7^). 


Putting together lemmas 3.1, 3.4, and equation (62), we get 

Theorem 4. For two cusps Zi and Zj not necessarily different, and for every N > 0, when 
^s>5{T,Vo), 

N — 1 -| TL f \ 

1 o”(c) 


<(>ii(s) = (^) ' 


c\ePf{M) "=0 


0 ( 1 ) 


(65) 


gn qsT{c) 
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We proceed to give a parametrix for ip. When taking the determinant of the scattering 
matrix 4>{s), we use the Leibniz formula 

K. 

O' i=l 

The sum is over the permutations a of [1, k], and £{a) is the signature of a. The remainder 
will be bounded by terms of the form 

This one corresponds to the error of approximation for the product ^io-(i)('S) ■ ■ ■ 4'K(7(K)is) 
where d is a permutation of [1, k]. Hence, we define 

( 66 ) 

It corresponds to the slowest decreasing remainder term as JRs —> +oo. Recall the definition 
in the scattering cycles (SC) are numbers of the form Ti + • • • + T^, where T e STia(i)- 
We define to be the smallest scattering cycle. It corresponds to the slowest decreasing 
term in the parametrix. By definition, ^ T^- 

Remark 7. There are two cases. When , the error is bigger than the main term in 

the parametrix, for 3f?s too big with respect to Qs. That occurs when the incoming plane waves 
from the cusps encounter variable curvature before they have travelled the shortest scattered 
geodesics. 

When , the error term is always smaller than the main term in the parametrix. 

This means that the variations of the curvature happen not too close to the cusps. It is in 
particular the case when the curvature is constant. 


In any case, let = expT^. Also let Aq < Ai < • • • < < ... be the ordered elements 

of {expT, T e 5C}. We can now state the conclusion of this section: 

Theorem 5. There are real coefficients {a^}A:,n^o such that if 

T — V ^ 

k^O k 

all the Ln’s converge in the half plane > (5(r, Vq)}- that half plane, for all N ^ 0, 

N 


(p{s) = s 


_ -Kd/2 


2 S-^Lnis) + 


n=0 


0(1) 

s^+^A^ 


4. Dependence of the parametrix on the metric 


This section is devoted to studying the regularity of the coefficients a"’(c) with respect to 
the metric. We prove that they are continuous in the appropriate spaces in sections 4.1 and 
4.2, Then, we prove an openness property in topology on metrics. While essential to the 


proof of theorem this part is quite technical, and the impatient reader may skip directly 
to section m 
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4.1. The marked Sojourn Spectrum. As announced in section 1.2, we emphasize the 
dependence of objects on the metric from now on. In particular, when we write [c^] 6 (M), 

we mean that we take some class in and consider Cg, the unique scattered geodesic 

for g in that class. 

We denote by Tg the application Tg : [c^] 6 -ir^^(M) ^ Ticg). We also write a"'( 5 , [c]) 
instead of just a"'{c). 


In what follows, we are interested in the regularity and openness properties of ip. It is 
obtained as the determinant of (^{s). Since the determinant is a polynomial expression, it 
is certainly smooth and open with respect to 4>. As a consequence, it suffices to study the 
regularity of each (jij independently, and the openess properties of </>(s) instead of p. 

The following lemma is classical: 


Lemma 4.1. Let be a family of^"^ cusp metrics on M, so that their curvature varies 

in a compact set independent from e. Suppose additionally that g^ is C‘^+^ on M x M for 
k ^ 0. Then we say that g^ is a family of metrics. 

In that case, the geodesic flow is onM. x M for k ^ 0. 


This is the direct consequence of 


Lemma 4.2. Let f be a function on M. x U cz where k ^ 1 and U is an open set. 
Then the flow associated to 

X = f{t,x). 


is C^. 


The proof of this can be found in any introduction to dynamical systems. Now, we can 
prove that both the marked set of scattered geodesics and the marked Sojourn Spectrum 
are continuous along a perturbation of the metric that is at least in the topology on 
metrics. 

Lemma 4.3. Let g^ he a 0“^+^ (k ^ 0) family of cusp metrics on M. Let c be a scattered 
geodesic for g = go. Then there is a family of curves c^ on M such that c^ is a scattered 
geodesic for g^. In particular, this proves that g ^Cg (given a class in (M)) g ^ Tg are 

C^ + k (j2 + k tQpolggy Q'yi whcn fc ^ 0. 

Proof. Let us assume that c enters M in Zi and escapes in Zj. We can assume that the 
variations of the curvature of always take place below y = yo. Let xq (resp. xi) be the 
point where c intersects the projected horosphere Hi (resp. Hfl at height yo in (resp. Zfl), 
entering (resp. leaving) the compact part. For x e Hi and e close to 0, we can consider the 
following curve: Cx^e is the geodesic for g^, that passes through x, and is directed by —dy at x. 
We have c = Cx^fl. For (x, e) close enough to (xq, 0), Cx^e intersects the projected horosphere 
Hj, for a time close to T(7) + 21ogyo- We let x'(x,e) be that point of intersection, and 
v{x,e) the vector ^ at x'(x,e). 

Now, by the lemma above, v(x,e) is and by the Local Inversion Theorem, there is 

a unique e x(€}, (7^+^, such that i;(x(e), e) is the vertical for all e sufficiently close to 0, as 
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soon as dxv{Q, 0) is invertible. But the fact that it is invertible is a direct consequence of the 
non-degeneracy of the phase function shown in lemma 3.3 □ 


Let 




y, a^(ff, [c]) 
Zj esrg([c]) 


Lemma 4.4. Let he a 0 “^+^ family of metries, k ^ 0. Then, as a formal series, Lq 
depends on e in a fashion. In particular, the series Lq giving the first asymptotics for (p 
at high frequencies, also depends in a fashion on e. 


Proof. We only have to prove that [c]) depends on e in a fashion. Since Vq is only 

a Holder function, it is easier to study the regularity of with the original expression (54). 
That is, we have to study dgGp{O 0 ) and Jp{0e). 

First, consider Jp. It is a function of the Jacobian of the flow along c. Since is just 
some restriction of pt, Pt i® on M x M. We also have that c is so that Jp is 

on e. 


For d^Gp{0g), consider that it is obtained as the first variation of VGp along the horocycle 
H{q,hj). But this means that d^Gp{t) 0 ) is again obtained directly in terms of dp\ along c 
and this ends the proof. □ 


Here already, we see that the first order behaviour of the scattering determinant at high 
frequency (51?s bounded and 9s —> ±oo) depends continuously on g in G^ topology. The next 
section is devoted to studying this regularity for other terms. 


4.2. Higher order coefficients of the parametrix. Now, we are interested in the regu¬ 
larity of aP^g, [c]) for n ^ 1. 

Lemma 4.5. Let g^ he a family of cusp metrics on M. Then the coefficients a"‘{g, [c]) 
depend in a fashion on e, as soon as k ^ 2 n. 


In the following proof, we fix two points p, q on the boundary. Most of the functions that 
appear depend on p and q, but to simplify notations, we omit that dependence. We do not 
fix n, but k will always be assumed to be greater or equal to 2n. 


Proof. Let us start by a discussion of classical stationary phase in Let a be smooth 
compactly supported function on Then, as |s| —> -too with lis > 0, 

<r(0) + i A<,(0) + ... + ^ AV(0) + 0(»-”-‘) 

where = A ... Aa. If G is a non-degenerate phase function around 0, we find T smooth 
around 0 such that G o T(x) = by Morse theory. Then, if a is still compactly supported 
but has an expansion a{s, x) ~ cro(x) + tJi(x)/s + ■ ■ ■ + tJn(x)/s^ + ..., we find 


I 


a(x)dx = 



e-^^(^^a(s,x)dx ~ 


ZZ 

.n=0 Z=0 


n—n.—l ^ ^ 


T. Jac(T))(0) 
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In other words, the coefficient of "■ is 

n . 

(67) 2 ° 

1=0 

It is a well known fact that the Morse chart ^ is not uniquely defined. However, from the 
computations above, the operators 


a t—> A^{a o Jac 'I')(0) 


do not depend on the choice of 'k, but only on G. By writing the condition G o 'k = one 
can see that (i'k^(O).d'k(O) = (PG{0). This determines d'k(O). The higher order derivatives 
of T are undetermined, but one can see that they can be chosen recursively, so that d^'k(O) 
only depends on the {k + l)-jet of G at 0. 


We apply the discussion above to a"'{g, [c]). The notations are coherent with section 3.2 
and equation (51) if one set G = Gp and a = Jpfp ■ We decompose a”, following equation 


(67) . We find that depends on derivatives of J, / and G. We expand each summand in 
the decomposition, using the Leibniz rule. Then we gather the terms involving the highest 
order derivatives of the metric. They are 

( 68 ) 


1 


re!4^ 


Jac T(0)A^ J(0) + J(0) Jac ^(0)) + J(0) Jac T(0) ^ 


1 


{n-iyA 




4.4 


we saw that along a perturbation, J is C^, so that Ag (J o T) is 

2)-jet of G at is a function 


In the proof of 

(jk- 2 n^ By the same argument, we find that the (2n 
of e, so that A^ Jac'k is also 


Remark. One can check that the numbers A-^ Jac'k(O) are, up to universal constants, the 
Taylor coefficients in the expansion of the function vol(G ^ r^). 


Now, we deal with the /n’s. From the definition of Q in (42) and in (43), we can prove 
by induction that for re ^ 1, 


(69) 


Jn 2n J_ 


0 


dtr, 


rO rO 

dtn-l • • • ' 

.Jtn ot2 


dt\Qtn—i ''' QtiQofo 


p 


where Qt is defined by Q{f o ip^) = (Qtf) o ip^. Since F is essentially a Jacobian of ip\, it 
is G^ on M X M along a perturbation. From the formula (69), we deduce that fn is 

along a perturbation when k ^ 2re, and this ends the proof. 

□ 


4.3. Openness in G® topology. To find that the coefficients of the parametrix are open, 
we are going to adopt a different point of view from the previous section. We let a~^{g, [c]) = 
Tg{[c]). We aim to prove the following: 

Lemma 4.6. Let [ci],..., [cat] be distinct elements of TTy^^{M),... (M), and take 

indices rei,..., uat. Then the application 

ON-.g^ {{a-\a\ ..., [ci]),..., {a-\a^, ..., a^ffi{g, [cw])) e 
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is open in C* topology on g. 

Proof. First, observe that it suffices to prove that the differential of on is surjective. Indeed, 
we can then use the local inversion theorem to prove the openness property. 

For each class [q], we will compute the variation of (a®,..., a”®) along a well chosen smooth 
family of cusp metrics g^- We will find that this variation is a linear form in a jet of the 
variation d^ge along q. From the properties of this linear form, we will find that there are 
functions with arbitrary compact support on which it does not vanish. This will prove the 
lemma for N = 1. 

For the case when N ^ 1, observe that since the [q] are distinct, the q are also distinct. 
Then, it suffices to observe that we can take a finite number of small open sets Ui such 
that Ui n Uj = 0 when i j, and Ui r\Ci ^ 0. Then we can perturb in each open set 
independently, and in this way, we see that the differential of a at is surjective, and this ends 
the proof. 

Remark 8. There might seem to he a difficulty when the geodesic c has a self intersection, 
because at the point of intersection, we have less liberty on the perturbations we can make. 
However, we will always choose to perturb away from those intersection points. 

As we have reduced the proof to the case A" = 1, let [c] e 

First case, n = 0. 

Lemma 4.7. Let he a 0°° family of cusp metrics. Then 

SeTi[c]) = ^ J(de5()o(co(t),Co(t))dt. 

In particular, ifU is an open set that intersects cq, one can find a perturbation of the metric, 
supported in U, along which dfT{\c\) A 0. 

Proof. From the arguments above, we can construct a variation of cq such that each 7^ 
is an unparametrized geodesic for g,,. We can assume that for t negative (resp. positive) 
enough, yi{ce) = yi(co) (resp. yj[cf} = yjico)). Then in local coordinates 

SeT{[c]) = ^ j{deg)o{co{t),CQ{t)) + 2go{cQ{t),deCQ{t))dt 

In the RHS, the second term, we can interpret as the 1st order variation of the length of the 
curve Ce for go. Since cq is a geodesic, this has to be zero □ 

Lemma 4.8. The logarithmic differential 

dg log a^{g, [c]) 

is non-degenerate on the set of symmetric 2-tensors h on M such that h and dh vanish at c. 
This proves the property for n = 0, because if h is such a 2-tensor, along the perturbation g + 
eh, the curve c is always a scattered geodesic of constant sojourn time, and dga~^{g, [c]).h = 

0 . 
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Proof, since the curve c does not depend on the metric in our context, it is reasonable to use 
the method of variation of parameters. Let = g + eh, and consider + o(e) 

the unstable Jacobi field for g^, along c defined in page ^ We also use as defined in the 
same page. We can write 

Su = Su^{t) + SsB{t) 
and we find the equations for A and B: 

+ SsB = 0 

f^A' +f,B' = -{dgK.h)Iu- 


1 


Recall from the arguments in page 28 that 

d.Gp(0g) 

[c])^ = lim = a^ige, [c])^——- ~ ■ 

t ^+00 det det 1 + eA(+oo) 

where A(+oo) is the limit of A when t ^ oo. Hence 

^loga°(5„[c]) = -iTr^(+oo). 


We hnd 

and conclude 
(70) 


A 

de 


i(+oo) = f I-\§-V)-\dgK{t).h)Iu{t)dt 

Jr 

loga\g,,[c]) = l f TT{{V-§)-\dgKit).h)}dt 

^ Jr 


When the curvature of g is constant along c, one may observe that this gives a particularly 
simple expression. Now we prove that the differential h t—> dgK.h is surjective on the set of 
symmetric matrices along the geodesic c. We consider Fermi coordinates along c. That is, 
the coordinate chart given by 

(xi;®) ^ expg(,^^) {x} 6 N . 

Remark 9. Whenc has self-intersection, this chart is not injective. However, we can assume 
that h vanishes around such points of intersection, and the computations below remain valid. 


deduce that the Christoffel coefficients also vanish to second order on c. Now we recall 


In those coordinates, g — 1 and dg vanish along the geodesic, which is c ~ {x' = 0}. We 
^duce that the Christoffel coeffici 
from |Paul4j two useful formulae. 

(P-210) r’fj = ^ + djgii - digij) 


Rid,, dj)dk = 2 + 2 rf.rL - di. 


(p.211) 
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Whence we deduce that on c 


(71) 


d+1 


Rg{di,di)di = ^ diT\^di, 


i=i 


We see that 2K{t) = so that dgK.h = —l/2cP‘hii, and this is certainly surjective 

onto the set of smooth functions along the geodesic valued in symmetric matrices. In par¬ 


ticular, the RHS of (70) dehnes a non-degenerate linear functional on the set of compactly 
supported 2-symmetric tensors along c. □ 

This ends the case n = 0. 

General case, n ^ 1. We introduce a special coordinate chart on M: 

: {x,t) 6 H{p,bi) X M 

Since H{p, bi) ^ we are now working in In the coordinates <^g, the flow has a very 

simple expression: s) = (x, s + t). The metric also: 

(72) c,* g = g[x,t]dx) + dt^] 

the Jacobian 

det g{x, s + t) 


(73) 

and 

(74) 


Jac{(pl){x,s) = 


det g{x, s) 


1 


F{x, 'S) = ^ (log det g{x, s) — log det g{x, 0) -I- 2sd) . 


We can find that g{x, 0) actually does not depend on x. We also have that Gp{x, s) = s—log bi. 

Idea of proof. If we perturb g by a symmetric 2-tensor h on the slices, we obtain a new 
metric gh on We can obtain a metric gj^ on M, pushing forward by If the support 

n of this perturbation is small enough that yfl n 0 = 0 for all 7 ^ 1, we can periodize the 
perturbation to obtain a metric on M, or equivalently, a metric gh invariant by T on M. 


The metric gh, seen in the chart does not have the nice decomposition (72) anymore. 
However, that decomposition still holds in the complement of T := U7^rp 7'^- ^ ^®11 

chosen, this includes a neighbourhood of the geodesic c that we wanted to perturb. 

The condition for H to be appropriate is that the projection M ^ M is injective on H, 
and that 7H does intersect the lift [p, q] of c. For this, it suffices that H is not too close to 
the points I in [p,q] that project to self-intersection points of c. See figure]^ 

There is a last difficulty. The point Og is represented by (0, ti) with ti = Tg{g, [c]) -I-log bibj 


— see the paragraph after equation (52). It is possible that ti < 0. In that case, the geodesic 


c only encounters constant curvature. To perturb the coefficients, we will need to create 
variable curvature along the geodesic. In particular, that will change the values of bi and bj. 

To overcome this difficulty, we proceed in the following way. Instead of integrating along 
the projected horosphere at height bj in the cusp Zj, we integrate on the projected horosphere 
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Figure 4. Global situation. 


at height b* ^ bj in the proof of theorem B We do it so that for all [c] e T{c) + 

log6*6* > 0 (for all Since the marked sojourn time function is proper, only a finite 

number of scattered geodesics intervene here. All quantities that depended on 6,, bj before 
will now receive a * when we replace 6* by 6*. 



Figure 5. A close up. 


Coming back to perturbing coefficients, the point Og is represented by (0,t^) with = 
Tg{g,[c]) + log6*6*. If the perturbation h is compactly supported in {0 < f the 

expression of gh, H{q,b*), Ag, J, Gp will not depend on h in the chart q*, around Og. In 
particular, a~^ and are always constant along such a perturbation. 

Now, we assume that the change in the slices is eh where h is a 2-symmetric tensor 
such that h, dh,..., vanish along {x = 0} in the chart ?*, and h is supported for 

0 < T < s < T' < Let ge := g^h- 

Lemma 4.9. Under such a perturbation, a~^, aP are constant. 


Proof. As we saw in section 4.2, the coefficient is computed from the 2 k — 2i jet of fi, 
i = 1,..., k, at Og, and also the 2k jet of J and G. Those computations are done with A^, 
which in our chart (,g has a complicated expression. However, since we are not perturbing 
the metric around Og, the coefficients of Ag do not change under the perturbation. From 
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equation (73), and the expression for G in this chart, we see that the contribution of J and 
G to will not change under perturbation (independently from the order of cancellation of 
h). 

We are left to prove that the 2k — 21 jet of fi at 0^ does not change for 0 ^ ^ fc ^ 


n — 1. From formula (74), we see that the 2n — 1 jet of F along c will not change along the 
perturbation. From equation (69), we see that the m jet of at Og depends on the m + 2£ 
jet of F, and the m + 2£ — 1 jet of g — recall that the coefficients in the Laplacian A depend 
on dg, and the coefficients in V depend on g. Taking this for m = 2k —2£ and £ ^ k ^ n — 1, 
we find that the 2 k — 21 jet of fi can be computed with only the 2 n — 2 jet of g at c, and 
this proves the lemma. □ 

From the proof of the lemma above, we see that in o”, the only change will come from 
the change in the derivatives of order 2 n — 2k of fk, and more precisely, the parts of these 
variations that come from the change in 2n derivatives of F, in the x direction. As a conse¬ 
quence, we can do all the forecoming computations as if the differential operators appearing 
had constant coefficients, and replace A (resp. A 5 )(- o T) o 4'“^) by 

^ := 9 ij{s)didj (resp. Kg := Cijdidj) 

where the matrices {gij){t) and {cij) are symmetric, positive matrices. Recall the metric g 
has the expression 

9 {x,t){dx,dt) = gx,t{dx) + dt^ 

and {gij){t) is the value of g^l, but this fact will not be used later. Recall that the operator Qt 
was defined by {Qtf) 09 ^? = Qif o 7’?)- We define A^ in the same way. An easy computation 
shows that A^ = Kj 9 iji^ ~ 


Now, we use formula (68). We only keep the terms that vary under the perturbation g^,. 
This yields 

1 


a-(<7.,[c])-a-(5,[c]) = a0(ff,[c])2 


3^Ar^ {(/o. -/a. 


dti ... At,A{F, - F} (0, tl+ti) 


Next we use equation ( [6^ , leaving out the constant terms again. We find: 

a^{9eAA) -ad"{9AA) ^ y 1 f 

^^{71-1)14-2-1 }s ' 

Here, & is the simplex {—00 < ti ^ ^ ^ ^ 0}. Let to = 0. Now, since 

4dxF = Tv g-^dg, each integrand in the above formula reduces to 

(75) 

n —1 1—1 / ^ \ 1 

Tr ^ g-^{t\ +ti) Yi n n 9i^jm.{ti + - ^m) ( H W 

^ m=0 \m=l / J 

It is still not clear why such a formula would lead to a non-degenerate differential. However, 
let us assume that h has the following form in a neighbourhood of {x = 0} 

h{x,s,dx) = X{s)dx'^ ^ -I-o(|xp") 

|a|=2n 


e 

4 
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where = Ua^ ... Ua 2 „, and likewise for x". We take u a constant vector in M“, and A(s) a 
smooth function, supported in Formula (75) becomes 

Tr + U) I A(ti + U) g{tl + U - tm){u,u) \ . 

I m=0 J 

Observe that these are nonnegative numbers. From those computations, we see that 


[c]) - a^ig, [c]) 


= e 


rtl 

X{t)H{t)dt 

Jo 


a°ig, [c]) 

where H(t) is a function that does not vanish. This ends the proof for n ^ 1. 

5. Applications 


□ 


We use simple Complex Analysis to locate zones without zeroes for ip. We also give some 
explicit examples corresponding to part (I) and (III) of the main theorem. 

5.1. Complex Analysis and Dirichlet Series. Let Aq < Ai < • • • < Afc < ... be positive 
real numbers. For 5 > 0, we let ^{6, A) be the set of Dirichlet series L{s) whose abscissa of 
absolute convergence is ^ <5, and 

00 

- E 

We let A) be the set of L 6 A) such that oq = • • • = flfc-i = 0 and A 0. For 

0 < A^ ^ Ao, also consider ^(<5, A, \^) the set of holomorphic functions / on > <5} such 
that there are e ^(5, A) with, for all n ^ 0 

f{s) = Lo{s) H—Li(s) + • • • H— -Ln{s) + O 
s 




We will denote (a^) the coefficients of By taking notations coherent with the rest of the 
article, we have e A, A#). For 5' > 6 and C > 0, let 

:= {s e C JRs > 5’ 51?s ^ Clog l^sl} . 

Lemma 5.1. Let f e ^{5, X, X^) such that Lq e ^^(6,X). Then there is a 6' > 6 such that 
for any constant C > 0, f has a finite number of zeroes in Lls',c- 

In the special case where A^ = Aq, we can take d' > 0 such that f has no zeroes in 

{seC 3f?s>5'}. 


Proof. We can write 




-Lois) 


There is a <5' > <5 such that whenever > 6', 
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Take N > 0. Then for |s| big enough — say |s| > Cn — and for Ks > 6 ', 


|^|Li(s)| + • • • + , |^_jTjv_i(s)| ^ - 


We also find that 


N 


log(Ao/A#) 


log IQ's! + 0(1) and |s| > Cn 


C( 


N 




1 

< - 
3 




When Ao = A^, the condition on Ks is void. When Aq > A:^, by taking N ~ C'log(Ao/A^), 
we find that the zeroes of / in the region described in the lemma are actually in a bounded 
region of the plane. Since / is holomorphic, they have to be in finite number. □ 


We give another lemma; 

Lemma 5.2. Let f e ^(6, A, A^) be such that Lq e A) and Li e A). Let 

' Af ^ sAg 

There is a 5' > 5 such that for any constant C > 0, there is a mapping W from the zeroes 
of f in io the zeroes of f in Lls/^Cj that only misses a finite number of zeroes of f, and 
such that 

W(s)-s ^ 0. 

|s|^oo 


A picture gives a better idea of the content of this abstract lemma. It is elementary to 
observe that the zeroes of / are asymptotically distributed along a vertical log line = 
alog|3's| + b, at intervals of lengths ~ 27r(log Ai/Aq)”^. 



Figure 6. The zeroes of /. 

Remark 10. Instead of assuming Uq = 0 and aj,a? ¥= 0, we could have assumed a finite 
number of explicit cancellations and non-cancellations. In that case, it is likely that one could 
prove a similar lemma, with f having zeroes close to a finite (arbitrary) number o/log lines 
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instead of only one line. However, this leads to tedious computations that we did not carry 
out entirely. 

Proof. This is an application of Rouche’s Theorem. We aim to give a good bound for \ f — f\ 
on appropriate contours. To this end, we decompose 


(76) |/-/|^ 


Ln — 


a? 

Af 




1 


L 2 




O 


1 


# 


For some 5' > 6, and for > 5',this gives 


(77) 








I'S^Aq® 




where C > 0 is a constant. We can always choose 6' big enough so that 

— ^ -\f\ 

A». - 2'AI 

for = 5' and I^AsI big enough. Then, on the vertical line IRs = 5', for l^ysl big enough, 

l/-/l<l/l- 

Now, on the line = nlog I^AsKlog Ao/A^)“^, the 3 first terms of the RHS of equation 
(77) are very small in comparison to /. We can check that the last one is 0{l/s)\f to see 
that on that line also, \ f — f \ < \f\. 

Now, we observe that 


1/1 = 


sA^ 


Aq 


Tss log -— I- arg s + arg ^ e 27rZ. 
Ai ak 


Since in the region fl = {<5' ^ ^ nlog I^AsKlog Aq/A:^) args = 7r/2 + 0(log |s|/|s|), 

we deduce that there is a constant C > 0 such that, 


2|/l ^ 


Af 




on each line Tvs = C + 27r/i:(log ^) A: e N, in Q. One can check that this implies that on 
each of those horizontal lines, \ f — f \ < \ f\. 

Now, the zeroes of / are located on the line 

al\s\Xf^ = A^^a?. 


At distance 0(1) of that line, one can see that the RHS in (77) is bounded by 


0(|s|-“) 
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for some a > 0. The proof of the lemma will be complete if we can find some circles Cn 
around the zeroes of /, whose radii shrink, but such that on Cn-, 

I/I » I'S^ 

Actually, this kind of estimate is true on the circles Cn centered at Sn of radius as long 
—> 0 with Tn >> |sn|~“- n 


3 


Now, 

Lemma 5.3. There are different situations. 

(1) When there is only 1 cusp, we always have Lq e A). 

f2j In general, the set of g e Q{M) such that Lq e is open and dense in 

topology. 

(3) There are examples of hyperbolic cusp surfaces with Lq e ^^(5, A). 

f4j There are examples of hyperbolic cusp surfaces M that satisfy the following. First, 
Lq 6 A). Second, there is an open set U <^cz M such that for any cusps Zi, Zj, 

d{U, Zi) + d{U, Zj) ^ + log Oi + log aj. Then A^ = A for all the metrics g e Qu{M) 

(the metrics with variable curvature supported in U). 


Lemmas 5.1 5.2 and 5.3 can be combined to prove theorem Let us first prove lemma 


Proof. When k = 1, (p = fu. From lemma 3.4, we see that Oq is a sum of positive terms 
over the set of scattered geodesics whose sojourn time is 7^®, hence it cannot vanish. 

In the general case, the openness property of lemma |T6| shows that for an open and dense 
set of g e 0 (M) for the topology, the smallest element of the set of sojourn cycles is 
simple. That implies that Oq ^ 0. 


For the third part of the lemma, an example will be constructed in section 5.2.2 


□ 


For the last part, an example will be given in section 5.2.1 The conclusion A^ = Aq is a 
consequence of the discussion just before theorem 

Proof of theorem We can list the cases 


(1) Consider the hyperbolic surface described in lemma 5.3 4). For such a surface, for 


all g e Qu[M), we have Lq e A), and A^ = Aq. We can apply the special case 

of lemma |5.1[ to prove part (I). 

(2) For all manifolds with one cusp only, Lq e A) so we can apply the general case 

of lemma 15.11 


(3) When there is more than one cusp, case (2) of lemma 5.3 and lemma 5.1 lead to part 
(II) of theorem]^ 


(4) The example in case (3) of lemma 5.3 can be perturbed, preserving the condition 
Lq e A), and with Li e ^^(6, A), according to lemma 4.6 We can then apply 


lemma 5.2 to prove part (III). 
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(5) Finally, we can adapt the proof of lemma 5.1 to show that whenever at least one Lj 
is not the zero function, the conclusions of lemma 5.1 apply, if we replace ’’for all 
constant C > 0” by ’’for some constant C > 0”. This proves part (IV). 

□ 


5.2. Two examples. In this last section, we construct explicit hyperbolic examples that 


satisfy the conditions given in lemma 5.3 


5.2.1. An example with one cusp. Here, we construct a surface with one cusp, such that 
there are parts of the surface that are far from the cusp, in the appropriate sense. 


y = 1 



Figure 7. symmetric pentagon with an ideal vertex. 


Topologically, we are looking at the most simple cusp surface: a punctured torus. It can 
be obtained explicitely by glueing two hyperbolic pentagons. Consider two copies of the 
pentagon in figure Glueing sides A B', B ^ A', D D', C E and C E', we 
obtain a punctured torus, that we call {M,g). 


The scattered geodesic cq with the smallest sojourn time corresponds to the sides AB' and 
BA'. Its sojourn time is 0, i.e = 0. However, the set U of points that are strictly below 


the line {y = 1} is non empty (and open). This is the example in 4) in lemma 5.3 


5.2.2. An example with 2 cusps. Now, we aim to construct an example of surface with two 
cusps {M,g) such that L^e We consider a two-punctured torus. 

As in the previous example, we will glue pentagons. Only this time we glue 4 identical 
pentagons a,b,c, d, and they will not be symmetrical — see figure 



Figure 8. A tiling of the hyperbolic plane with pentagons. 
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The cusp corresponding to pentagons a and b will be called cusp Zi, and the other one, 
corresponding to pentagons c and d will be cusp Z 2 . We obtain a surface {M,gi) with two 
cusps, depending on the hyperbolic length L To ensure the normalization condition that the 
volume of a projected horosphere at height y is y~^, we have to take 

(78) 2/0 = } ■ 

2 V2 + VI + e-2^ 

We number the geodesics from i to j {i = 1, 2, and j = 1, 2) by their sojourn time Cn with 
r(c(/) V r(V/) ^ . Since a geodesic coming from a cusp has to go under the y = yo line 

to exit a pentagon, we see that actually, Cq^ and Cq^ are the geodesics designated in figure 
Actually, we also get that ; 

-21og2/o = Ticl^) = T(co^) < TCc*/), i,j = 1,2. 

This proves that Oq = 0. Now, to obtain that Lq £ we need to show that the second 
shortest sojourn time is 2i — 2 log 2 / 0 , and that it is simple. That is to say, really is the 
curve drawn in figure and the only other curves with sojourn time V 2^ — 2 log 2/0 are Cq^ 
and Cq^. 

In order to prove this, draw a line at height yQe~^^. A scattered geodesic coming from cusp 
Zi can be lifted to as a curve coming from 00 in the pentagon a, that stays in the same 
pentagon as 2 / V yoe~‘^^. When i is small enough, there are only 3 geodesics that satisfy such 
a property, and they are drawn on figure 

Appendix A. Regularity of Horospheres for some Hadamard manifolds 

In this appendix, we recall some results on the regularity of stable and unstable foliations. 

Lemma A.l. Let N be a simply connected manifold of dimension d + 1, with sectio nal 
eurvature —\Kmax\ < K < —\Kmin\ < 0. Assume additionally that all the covariant deriva¬ 
tives of the curvature tensor R of N are bounded. For a point ^ e S*N, we define IT^(^) 
as e S*M, d{'Kiptf!—>■ 0 as t —>■ + 00 }, and similarly Those are sub¬ 

manifolds ofTS*N, uniformly in they form a continuous foliation ofTS*N, tangent 
respectively to and . 

Proof. We just check that the proof of the compact case also works for us. 

Let ^ 6 S*N. Take u > 0, f > 0 and 0 < e < t. For A: ^ 0, let (,k = Using the 

exponential charts for the Sasaki metric on S*N, we can conjugate ipt to diffeomorphisms 
from T^i^S*N to that map 0 to 0. We still refer to those as tpt. Let 

:= {{zk) I Zk e T^^S*N, limsup < 00 }. 

This is a Banach space when endowed with 

||( 2 ;fc)||i. := sup \\zk\\e‘''". 

On we can dehne 

^{zk) := (0, ipt{zo) - Zl,^pt{zl) - Z2 ,...). 
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This is a function on M’y. We want to solve 'll = 0 in As the stable manifold ^ should 
be a graph over for (zk) e we decompose (z^) = {zQ,r). We need to show that 

dr^ is injective and surjective on a closed subspace, to use the implicit function theorem for 
Banach spaces. Let V = (vq^,vi, ...) e where uO refers to the weak unstable direction 
© MX. We have 

= {0,d^(pt ■ Vq° - vi,d^^ipt ■ vi -V2,...). 


First, we prove this is injective. Assume d,.'k(0)l/ = 0. Then, we have d^ipfVQ^ = vi. Since 
the weak unstable direction is stable by the flow, vi e By induction, 

However, V has to be in so that there is a constant C > 0 such that for all k > 0, 

II^^C)°1I = \\{di^kt)~^Vk\\ ^ C'e"'"^. 

This implies that Uq° = 0, and V = 0. 

Now, we prove that is surjective on the space of sequences whose first term vanishes. 
Let W = ,wi,...) 6 We decompose each Wk = and we try to solve 

dr'^.V = W, with Vi = (i;|,u“°). If H is a solution, then, for all k > 0, 


k-l 

Vk = dipktv'f - Yi difitWk-i. 

1=0 

That is why we let 

00 

1=1 

This sum converges because || {dipkt)~^\E'^° II is bounded independently from k, and we assumed 
w is in Then, we have to check that the equations 

k 00 

Vk = -Yj d^(k-i)twt + 

1=1 1=1 

define a sequence in By the Anosov property, there are constants A > 0 and C > 0 not 
depending on w, nor on ^ such that \\d(pktWi\\ ^ So 

k 00 

Ilufcll ^ Y + Y 

1=1 1=1 


It suffices to choose u < At, and we find that v e 


By the Implicit Function Theorem, in a small enough neighbourhood of the strong stable 
manifold of is a graph of a function from E^{^) —> E^^{^). Additionally, the derivatives 
of this function are controlled by the norms of 'k. These norms are the norms of (ft- 
They can be bounded independently from ^ — recall 'k depends on ^ — according to Lemma 
B.l and Proposition C.l of |Bonl4j . Hence, the stable manifolds are uniformly smooth in 
the manifold. 


Moreover, the tangent space of kF®(^) at ^ has to be E^{^), according to the dynamical 
definition of kF®(0' We deduce that the regularity of the lamination formed by the collection 
of kF®(0, ^ e S*M has the regularity of the splitting © E'^. Using the description as 
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Green’s fiber bundles for and E'^, one can prove that they are Holder, and the lamination 
is actually a foliation. 

The case of unstable manifolds is similar. □ 

Appendix B. Estimating the regularity of solutions for transport equations 

Lemma B.l. Let N be a riemannian manifold such that all the derivatives of its curvature 
are bounded. Let G be a C® function on N, such that ||VG|| = 1, and ||VG||<^n(^) is bounded 
for all n. Let ipf be the flow generated by V = VG. Assume that is expanding, that is, 
there is a X > 0 such that if u LV, .u|| ^ Ge^^\u\ for t>0. 

Let go be a C°° function on N, supported in G ^ L Let 



Then if = sup{|( 7 o(x)|, G(x) = t}, for all n there is a constant > 0 only depending 

on G such that 

rG(x) 

|5ri(x)| ^ .Sf(T)dT, ||V5ri|l<^n-i(G<ct) ^ 

Je 

Proof. The first part of the statement is obvious. We concentrate on the second part. The 
basic idea is that when differentiating in the direction of the flow, one obtains go, and when 
differentiating in other directions, one can use the contracting properties of cpf in negative 
time. Let x e N, and Xi, ..., Xn vectors at x. We want to evaluate We can 

decompose the Aj’s according to 

T,,N = ]R1/©E-^. 

By linearity, we can assume that either XiCcV or Xi T V. Additionally, we assume ||Ai|| = 
1. By taking symmetric parts, and antisymmetric parts of V, we see that it suffices to 
evaluate when the Xfs colinear to V are the last in the list. That corresponds 

to differentiating gi first along V. Now, there are two cases. First, assume that one of the 
Xfs is colinear to V. Then 

We are left to consider the case when all the Xfs are orthogonal to V. For this, we use 
the proof from |Bonl4l appendix B]. From therein, we know that for t > 0, 

Vx„....A„(ffo o = Wflgoiiiffrx,,..., (iffrXn) 

Where — lemma B.2 — Wflgo is a sum of tensors of the form 

The Tj(s,t)’s are tensors with a particular structure. Either they are of order 1 and 
Ti{s,t){X) = X, or they are of higher order and 

Ti{s,t) = J Ri[{(p^),,Tip{u,t),..., {(p^),,Ti^ki{u,t)] du 
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where Ri is a bounded tensor with all derivatives bounded, and the Rj have the same 
structure. Observe that for X e TN, ||((^p)*X|| ^ OIIXH when t > 0, and ||(<^p)*X|| ^ 
Ce~^^\\X\\ when X J- V. By induction, we deduce that for t > 0, 

We just have to integrate this for t e [0, +oo[, and the exponential decay ensures the conver¬ 
gence. □ 
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